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Abstract

This paper investigates the blow-up phenomena for an inhomogeneous, strongly damped fourth-order
wave equation featuring a nonlinear memory term

e (b, 3) — A2u(t, 3) — Aug(t, 7) = —— | /O (t — 5)=u(s, 2)|Pds + w(z)

'l -«

with initial conditions (u(0,z),u;(0,x)) = (uo,u1) in RY, where N > 1,p > l,a € (0,1), u; €
L}, (RN)(for i = 1,2) and w(z) # 0. By employing a special class of test functions, fractional calculus
techniques, and nonlinear inequality methods, we prove that provided w(xz) € L'(RY) with [ w(x)dz > 0,
the problem admits no global weak solution for any p > 1.
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1 Introduction

Wave equations are fundamental in modeling diverse propagation phenomena across physics,
engineering, and biology [3, 7, 8]. While second-order models have been extensively studied, there
is growing interest in higher-order wave equations for describing more complex systems, such as
the vibrations of plates (modeled by the A?u term[11]) and materials with significant internal
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micro damping (modeled by the Awu; term[l, 12]). The interplay between such higher-order
dissipative mechanisms and nonlocal nonlinearities, such as memory effects, presents a rich and
challenging mathematical landscape.

In this work, we analyze the following inhomogeneous, strongly damped fourth-order wave
equation

1 t
ug — A%u — Ay = / (t — 8)"%|u(s, x)[Pds + w(zx), (t, ) € (0,T) x RY, (1.1)
F(l — Oé) 0
subject to the initial condition:

(u(0,2),ut(0,2)) = (ug, u1). (1.2)

Here, the integral term on the right-hand side represents a nonlinear memory effect with a
fractional-order kernel, reflecting the influence of the historical state of the system on its current
dynamics. The space-dependent inhomogeneous term w(x) can model external forcing or a
background potential.

The literature on wave equations with memory and damping is extensive. For the second-order
case, the semilinear damped wave equation:

u — Au+ up = |ul?

has been thoroughly investigated. It is well-known that the critical Fujita exponent 1 + % plays
a pivotal role in determining the global existence and blow-up of solutions [2, 10]. When an
inhomogeneous term w(z) is added, the critical exponent shifts, ie p to co for N = 1,2 and to
1+ 25 for N > 3 [4]. For equations with memory and inhomogeneous, Jleli et al [5] studied

1 t
o - - o\« P
uy — Au + up = a ) /0 (t —s) “u(s,z)Pds + w(x)

and established critical exponents p > 1. However, the interplay of a fourth-order operator,
strong damping, nonlinear memory, and an inhomogeneous source remains largely unexplored.

Our main contribution is to show that if the inhomogeneous term w(x) satisfies [ w(z)dz > 0,
then no global solutions exist for any p > 1. This phenomenon is similar to that observed [5] for
the second-order case, but our analysis must contend with the additional complexities of the
fourth-order setting.

Theorem 1.1 If ug, u; € Co(RY) and w(z) € L'(RY) with [pn w(z)dz > 0, then problem
(1.1)-(1.2) admits no global weak solution for all p > 1.

Remark 1.1 Let u be a weak solution of problem (1.1)-(1.2). We call u a blow-up in finite time
if the maximal existence time 7 is finite and v — 400 at ¢t — T

The paper is organized as follows. In Section 2, we recall some preliminaries on fractional
integrals and define the concept of a global weak solution. Section 3 is devoted to the proof of
Theorem 1.1, which relies on a careful choice of test functions and a priori estimates.

2 Preliminaries

We need some properties from fractional calculus. For more details, we refer the reader to ([6]).

Let 0 < a < 1, u € C®([0,T],RY) and T > 0. The left Riemann-Liouville fractional
integrals of order « of u and the right Riemann-Liouville fractional integrals of order « of u is

defined as

(I3 u)(t) = 1)/0(t—s)°‘1u(5)ds 0<t<T

T(a)
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and
1

T
(19 u)(t) = F(a)/t (s— )" lu(s)ds, 0<i<T.

From Kilbas-rivastava-rjillo([6]), for o > 0, (t) € L,(0,7T") and u(t) € L,(0,T), one has

T T
/ (1) (12 u) () dt = / () (I3 ) (1)t
0 0

Based on the introduction of the fractional integral mention above, we can define global
weak solutions to (1.1) and (1.2) as follows.

Definition 2.1 Let N > 1, up, u; € Co(RY) and w(z) € L'(RY). We say u(x,t) €
LP(Ly2 (RY), (0,T)) to be a weak solution of problem (1.1)-(1.2), if the equality

loc

/ / I1 —“p) |u]pdxdt+/ / wgoda?dt—i—/ <u1<p(0 x)—uogot(O,m)—qugo(O,w)>d:c
RN
/ / USOttdxdt—i—/ / uApdxrdt — / / uA%pdadt (2.1)
RN RN RN

holds for all "> 0 and ¢ € sz([O,T],RN) with supp, @ CC RN, o(T,-) = 0 and ¢4(T,-) = 0.
Lemma 2.1([6]). If @ > 0 and 8 > 0, then

r'(5)

— B+a—1
NGETYA

(I7—(T = )" ") (2) =

Lemma 2.2 ([9]). Let w(z) € L'(RY) with [,5 w(z)dz > 0. Then there exists a test function
0 < ¢ <1 such that fRNw Ypdx > 0.

3 Proof of Theorem 1.1
3.1 Proof Outline

We proceed by contradiction, assuming that a global weak solution u exists. The core idea is
to construct a test function ¢(t,z) = n(t)u(x) that localizes the problem in both space and
time. Substituting ¢ into (2.1) and applying Young’s inequality, we derive a key estimate. After
carefully estimating the resulting terms, we obtain an inequality that, in the limit T — oo,
contradicts the positivity condition [pn w(z)p(x)dz > 0.

3.2 Proof Details

Proof: The proof by contradiction. Assume that u(z, ) is a global weak solution to the problem
(1.1)-(1.2). Inspired by [5], we choose the test function following

p(t,z) = nt)u(z),

where
p+1—«

— T-MNT — )
n(t) =TT = a > Pl

€[0,7],T € (0, 00);
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2
u(m)qﬁ(’R‘2> R> 1,z e RV,

Here, ¢(z) is a smooth cut-off function satisfying:

()¢ ()] < Clo(2)], 8" (2)] < Cle(2)], 19" (2)] < Clo(2) (2) < Clo(2)];

| lot
(ii)¢(2) € C§(R,) is non-increasing function with ¢(z) = 1 if z € [0,1] and ¢(z) = 0 if

€ [2,00).
Then, it follows from (2.1) that

/ / I1 —“p) |u]pdmdt+/ / wnpda:dt—i—/ <u1<p(0 3:)—uogot(O,a:)—qugo(O,x)>da:
RN

// |u|g0tt\d:z:dt+// ]u||Acpt|da:dt+// lu||A%p|dxdt.

Using the Young inequality with € = g to (3.1), we obtain

// |ul|pe|dedt < = // \u|pI1 ~Yp)dxdt
) [ bt
RN
)

J(p

uAtd:cdt< - upﬂa Ydxdt
@ ©)
+E ( > / / (I+=%0) 77 | Agy| 77 davdt
]RN
K(p)

)

and

/ / | A2p|dzdt < / / yu|p (14 0)dedt
e ( ) / / (I+2%) 77 | A%p|7T dudt.
RN

L(¢)

Inserting (3.2)-(3.4) into (3.1) gives

(3.1)

(3.2)

(3.3)

(3.4)

[ [ ettt [ (0.0 - a0.0w)ir <o) (56 + K +260)). 09

where C(p) = % <§> o

By the definition of the test function (¢, x) and simple calculation, we easily get

// x)pdrdt = C()\)T/ wudz
RN RN
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and

/RN (uup(o,x) — uppi(0, ) — qugp(O,m))da: = /RN (ulu(:ﬁ) + %u( ) — uOA,u(g;)> dz.

(3.7)
Plugging (3.6) and (3.7) into (3.5) gives
T /R wopde + /R ) (ul,u(:z) + %W;) - quu(x)> do
<c)(7(0) + Kp)+ L(o) ) (33)

Next, we estimate the integrals J(¢), K(¢) and L(y). These estimates constitute the
technical core of the proof.

Lemma 3.1 (Estimation of J(y)) .

We have the estimate

J(g) < CONT™ 51 HLRN.

Proof: By the definition of the test function (¢, x) and simple calculation, it derives that

/ /RN (L=t ()7 o (8) () 77 dvdl
<C(NT A/O (1o (T t))\)pll|T—t\wdt/RN ers

-~

Ji1 J12

Noting that by Lemma 2.1, it derives that

1

T F(>\+1) A T p-1 Ap—2p
— 0T (T — M@ T —t| >t dt
J11 /0 <F()\+2—a)( ) ) | |

T A— 2P e
gC’()\)/ = P
0

2p+l—a
p—1 +1

<Cc\TM

and by the cut-off function ¢(z), it derives that

2
J12—/ |¢<|xl )‘d
i) (%)
S/o<|:c|<R’¢( ldz +/R<|I|<\/§R‘¢ 7z )\

<CRN.

Combining these estimates, we obtained the desired results.

Lemma 3.2 (Estimation of K(y)) .

We have the estimate

K(p) < CNT 1 RN =771
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Proof: Similar to the estimation of J(p), we have

/ /RN (Ip="n(t)n())” 1 () Ap() |77 dadt
SC(A)T—A/O (I}:a(Tft)A)—riq(T,mp ldt/RN @) P 1A () P da.

K21 K22

Noting that by Lemma 2.1, it derives that

1

T -
F()\—|—1) Al p—1 Ap—p
Koy = AT (e T — |51 dt
a= <m+2_a>< ) ) T~

T —a
< C(A)/ T — 5T dt
0

<o,

Combining the definition of the function p(z) with the condition (i), we have

Au(z)| = <8 9 .0 ><a¢<;§> a¢<;§2> a¢<;;>>'

Ox1 Oxs’ Oz, Ox1 =~ Oxy = Oxp

o) ofw) | ofa),

- ox1 + 0xo Tt Oxy,
2 2x1 2z 2 2x9 2x 2z, 22,
- ﬁ“y R?1 R2’1¢”+ﬁ¢/ R22 Yt ¢ R’
- R2 R4
<ol

where r = |z| = (2% + 23+ - + x%)% Therefore, we have
_2p_
Ko <CR »-1 / |pu(z)|dz
RN
<CRN-i

Based on the estimations in K17 and Ks2, we obtain the desired result.

Lemma 3.3 (Estimation of L(y)) .

We have the estimate i

L(p) < COT 71 T RN =371
Proof: Similar to the estimation of J(¢) and K(¢), we have

//RN (L= (t)u(w)) 77 () A% () |77 dardt
<1~ /O(L}a( t)A)zfly(T_t)\ﬁﬂdt/RNm(x)‘,flmzu(x)‘ppldm

-~

L3y L3z
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Noting that by Lemma 2.1, it derives that
I /T ( I'(A+1)
1) \h+2-a)
T
<c [ -
0

<ot

1

T p—1 by
(T — t))‘“_a) Ut

A==t gt

According to the estimate of Au(x) above, we have

|A%u(z)| = |A(Au(2))| < %\Au’(ﬁ)lﬂL 1A (2))].

Once again combining the definition of the function p(z) with the condition

(i), we have

ey @) (@) ()
A . e
A (@)l (0301’ Oxy’ axn> < Oxry, = Oxy 7 Oxy, )'
(211 ¢//) <2:v2 ¢//> <2xn ¢//)
:< or; | Ox ++a>‘
2 21 221 2x9 229 2 2x, 2Ty,
- ﬁd’” e’ TR TR e T e e
42+ a3+ + 22
< R2 ‘qb//‘ + ( 1 2R4 )|¢///|
/! r2 /1
<2+ ]
and
8T2¢” R22 87“2¢” ;T (97”2(Z)H }%
|A(2”( N| = ﬂi 0 e N 7
HATIT = Ox1 Oxo’ Oz, 0x1 ’ 0z B oxy,
6<2.’L‘1¢” + 7‘2 2z d)”’) 8<2$2¢” + 7“2 2o ¢///> 3<2$n¢” + 7,2 21‘n ¢///)
- < axl * 8m2 too 8xn
21,‘1 2x T 21‘1 2331 (4
— 2¢// _|_ 21’1@(]5/” + 2 R2 ¢/// <R2 ¢/// R2 R2 ¢ )>
2 219 2
124" + 2$2%¢/// + 2332%(15/” + T2<R2 "+ 522 ]§§¢(4)>

2z, 2z,

2 2
+.”+2¢//+2$n;§;¢///+2xn$¢///+T2<R2¢/// R2 ﬁgf)
2 2., ... 2 .. 2
§2N|¢H’ + 4(%1 + 1}2};-2 + :En) ’¢///‘ + 4(*7;1 + 1172};; + xn)
22N‘¢///| T 2 4(x + a3 ‘Z s +x%)|¢(4)|
R

2N +38 4ot

=2N|¢"] + TTQWH\ + ﬁ|¢(4)|-

(4)) ’

| ¢/// ‘
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Hence,
2N (2N 4 2N +8
8ol <305 (S0 Toelo1) + e (21671 + 2R 0 4 S
_4N? 48N 16N+32 9

16
o |8 @)+ =+ 1)

Sﬁ"f)‘
Therefore, we have
_4p
L3y <CR »-1 / |p(z)|da
RN
<CRN i
Based on the above estimates, we obtained the desired results.

Now we substitute the estimates of Lemmas 3.1-3.3 into (3.8) gives

)\Uo

C()\)T/RN wdH/RN <u1u( 2) + (e )—quu(x))da:

<C(p) (C(/\)T_Q STHIRN Lo e P RN TR C(A)T—H“RN—f"l). (3.9)

By rearranging the items, we obtain

/RN wpdz + C(N)T ™1 /RN <U1M(a:) + %u(x) - quu(x))dx

<C(p,\)(T~ 5

4

LS RN et RN,

Finally, for any given real number R > 1 and taking the limits 7" — oo in the last inequality

gives
/ w(z)pdr <0,
RN

by Lemma 2.2, which contradicts [,y wpdz > 0. O
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