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Abstract

The Bernoulli distribution (BD) is a fundamental model for binary data and a key building block in
constructing zero-inflated distributions. This study explores the core properties of BD and compares
three widely used estimation methods: Method of Moments (MM), Maximum Likelihood Estimation
(MLE), and Bayesian Method (BM). Through systematic simulation studies across different sample
sizes and parameter values, we evaluate the bias and mean squared error (MSE) of each estimator.
Special attention is given to Bayesian estimation under various Beta priors, including uniform, Jeffreys,
symmetric, and informative moment-matched priors. Results show that MLE is unbiased and consistent,
while Bayes estimators achieve lower small-sample MSE through shrinkage toward the prior mean, where
informative priors aligned with the true parameter yield the best finite-sample performance. These
findings provide practical guidance for selecting estimation methods in applications where sample size
and prior information vary.
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1 Introduction

Binary data is among the most prevalent and essential types of data in scientific research,
characterized by its simplicity and versatility. It frequently arises in practical applications, where
events or outcomes can be encoded as 0 or 1 to represent two distinct states. The Bernoulli
distribution (BD) is the most natural and widely accepted model for binary data, offering a
straightforward yet powerful framework for analysis. Despite its foundational role, the BD’s
simplicity in formulation has led to relatively limited attention in the literature compared to
more complex distributions.
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However, its significance extends beyond basic modelling as it serves as a key component in
constructing more advanced models, such as zero-inflated distributions, which are increasingly
used in modern statistical applications. The purpose of this article is to provide a concise and
unified presentation of the Bernoulli distribution, its classical estimators, and their empirical
behavior. Although these methods are well known, our aim is to present them in an accessible
way for educational and applied statistical use. Further, by comparing the performance of
commonly used techniques, we seek to underscore the practical relevance of BD and encourage
further exploration of its applications in statistical modelling.

In our view, one of the most prominent roles of the BD in scientific research is its use as a
foundational component in constructing new distributions, particularly those designed to model
zero-inflated (ZI) count data. ZI distributions are especially well-suited for datasets characterized
by an excess of zero counts, which are common in fields such as healthcare, ecology, and insurance.
The construction of a ZI distribution typically involves a two-part process: the first component
models the occurrence of structural zeros using the BD, while the second component employs a
discrete distribution to model the count data. This dual-process framework allows for greater
flexibility and accuracy in capturing the underlying data structure.

Several well-known ZI distributions have been developed using this approach. These include
the Zero-Inflated Poisson (ZIP) distribution [24], as well as its numerous extensions and variants,
such as the Zero-Inflated Conway—Maxwell-Poisson [4], Zero-Inflated Generalized Poisson
[11], Zero-Inflated Hyper-Poisson [22], Zero-Inflated Poisson—Ailamujia [1], and Zero-Inflated
Poisson—Akash [27] distributions, among others. These models highlight the central role of the
BD in advancing statistical methodologies for complex data types.

The aforementioned ZI distributions are typically constructed using a Bernoulli process
to model the excess zeros and a Poisson or Poisson-related distribution to model the count
data. As a result, many of these models include ”Poisson” in their names, reflecting their
foundational structure. However, the Poisson distribution has limitations, particularly in
handling overdispersion, where the variance exceeds the mean. To address this, the Negative
Binomial (NB) distribution is often employed as a more flexible alternative, offering a natural
extension of the Poisson model. Consequently, a growing body of research has focused on
developing ZI distributions based on the NB distribution.

Notable examples include the Zero-Inflated Negative Binomial (ZINB) and its variants, such
as the ZINB Crack distribution [20], ZINB Generalized Exponential distribution [2], and ZINB
Sushila distribution [21]. Beyond the Poisson and NB families, other innovative ZI models have
emerged, including the Zero-Inflated Bell [15], Zero-Inflated Waring [19], and Zero-Inflated New
Discrete Lindley distributions [25], among others. Once again, these developments underscore
the central role of the Bernoulli distribution in the construction of modern ZI models and
highlight its continued relevance in statistical modelling.

In today’s data-driven era, the development of new statistical distributions has become
increasingly important. As datasets grow in both size and complexity, there is a growing need
for flexible and robust models capable of capturing diverse data characteristics. Among these,
zero-inflated distributions have gained significant attention due to their ability to model excess
zeros in count data. As we can see that the construction of ZI models fundamentally relies on
the BD to model structural zeros; BD plays a crucial and indispensable role in modern statistical
modelling.

Despite its foundational importance, the Bernoulli distribution has received relatively limited
attention in the literature, particularly regarding its theoretical properties and parameter estima-
tion techniques. This gap motivates the present study, which aims to provide a comprehensive
examination of the BD and its estimation methods, thereby contributing to a more complete
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understanding of this essential distribution.

Specifically, this work focuses on two main objectives: (1) to explore and present the
key properties of the Bernoulli distribution in detail, and (2) to compare the performance of
three widely used point estimation methods: Method of Moments (MM), Maximum Likelihood
Estimation (MLE), and Bayesian Method (BM) in estimating its parameter. These methods are
among the most commonly applied in statistical inference, and understanding their behavior in
the context of BD is valuable for both theoretical and applied research. To enhance accessibility
for readers without a strong statistical background, we also provide step-by-step algorithms for
each estimation method.

The structure of this paper is as follows. Section 2 introduces the fundamental definitions
and formulas of the Bernoulli distribution. Section 3 reviews the general principles of common
point estimation methods. Section 4 applies these estimation techniques specifically to the BD.
Section 5 discusses the key properties of the BD, including those revealed through estimation.
Section 6 presents simulation studies to evaluate the performance of the estimation methods.
Section 7 applies the BD to real-world datasets to demonstrate its practical utility. Section 8
concludes the paper with a summary of findings and suggestions for future research.

2 The Bernoulli Distribution

A random variable X is said to follow a Bernoulli distribution if it takes only two possible values:
1 (typically representing success) and 0 (representing failure), with probabilities p and 1 — p,
respectively. The probability mass function (PMF) of the Bernoulli distribution is defined as:

P, if =1,
x;p) =
J(@:p) {1—p, if z=0.

This PMF can be compactly expressed using the following formula, which is commonly used in
statistical literature:

flasp)=p"(1—p)'™", with z € {0,1}. (2.1)
Alternatively, it can be written in a linear form:
Jaip)=pe+(1—p)(1—2), with 2 € {0,1}.

Among these, the exponential form (2.1) is the most widely used due to its simplicity and
elegance in derivations.

Next, the cumulative distribution function (CDF) of the Bernoulli distribution is given by:

0, x <0,
F(r;p)=q1—-p, 0<z<1,
1, xz > 1.

Unlike the PMF, which can be expressed in multiple forms, the CDF of the Bernoulli distribution
typically has a single standard representation.

Figure 1 illustrates the PMF of the Bernoulli distribution for three different values of p.
Figure 1a: When p = 0.7, the probability of success (x = 1) is higher than that of failure (z = 0).
This is reflected in the taller bar at x = 1. Figure 1b: When p = 0.5, the probabilities of success
and failure are equal, resulting in bars of equal height. Figure 1c: When p = 0.3, the probability
of failure (x=0) exceeds that of success (x=1), as shown by the taller bar at x=0.
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a) PMF of BD with p=0.7 b) PMF of BD with p=0.5 ¢) PMF of BD with p=0.3
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Figure 1: The PMF of the Bernoulli distribution.

3 Ubiquitous Estimation Methods

In this section, we revisit three of the most widely used methods for point estimation in statistics:
the Method of Moments (MM), Maximum Likelihood Estimation (MLE), and the Bayesian
Method (BM). These methods have been extensively studied and applied across various statistical
contexts [6-10, 12]. Respectively, we use the following notations of estimators throughout the
paper: PyM; PMLE; PB-

3.1 Method of Moments (MM)

The Method of Moments (MM) is one of the earliest techniques for parameter estimation, first
introduced by Karl Pearson in 1902 [17]. It remains a foundational approach in both theoretical
and applied statistics due to its simplicity and minimal assumptions. The core idea of MM is to
equate the theoretical (population) moments of a distribution to the corresponding empirical
(sample) moments, and then solve the resulting system of equations to estimate the unknown
parameters [6].

Let X1, Xo, ..., X,, be a random variables from population X, with the probability density
function (PDF) or probability mass function (PMF) f(z; a1, ag, ..., ), where aq, ag, ..., oy, are
the parameters to be estimated.

Then, for a continuous random variable, the k-th population moment is defined as:

M, = BE(X*) = /xkf(a:;al,az,...,an)da:. (3.1)

—0o0

For a discrete random variable, the k-th population moment is:
n
My, = B(X*) =) " 2"P(X = ). (3.2)
i=1
The corresponding sample moment of order k£ is:

— 1 &
1=
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To apply the MM, we follow these steps:

e Step 1: Compute the population moments My, Mo, ..., M} as functions of the unknown
parameters. P e
e Step 2: Compute the sample moments My, Mo, ..., M, from observed data.

e Step 3: Set up and solve the system of equations My = ]\/Zk, for k=1,2,...,n to obtain
the parameter estimates.

Although MM estimators are generally consistent and easy to compute, they may not always
be efficient or unbiased. Moreover, they are not guaranteed to be sufficient, meaning they might
not capture all the information available in the sample.

3.2 Maximum Likelihood Estimation Method (MLE)

Maximum Likelihood Estimation (MLE) is one of the most widely used methods in statistical
inference for estimating unknown parameters based on observed data. The core idea of MLE is
to determine the parameter values that maximize the likelihood function, which measures the
probability of observing the given sample under different parameter settings [7, 12].

Let X1, Xs,..., X, be a random sample drawn from a population with PDF f(z;«), where
« is an unknown parameter. The associated likelihood function L(«) is defined as the joint PDF
of the sample:
n
L) = [ f(@iia). (3.4)
i=1
The value of o that maximizes the likelihood function is called the maximum likelihood estimator,
denoted by a. Formally, it is defined as:

a = argsup L(a), (3.5)
a€gll

where () is the parameter space.

MLE Procedure:.  The steps to obtain the MLE are as follows:

e Step 1: Assume that x1,zs,...,x, is a random sample from a population with PDF
f(z; ).

e Step 2: Construct the likelihood function L(«) as shown in Equation (3.4).

e Step 3: Maximize L(«) (or equivalently, the log-likelihood function) with respect to « to
obtain the MLE &, as defined in Equation (3.5).

MLE is known for producing estimators that are consistent, asymptotically normal, and
efficient under regularity conditions. However, it may require numerical optimization techniques
when the likelihood function is complex or lacks a closed-form solution.

3.3 Bayesian Method (BM)

The Bayesian Method (BM) is a powerful approach to parameter estimation that incorporates
prior knowledge or beliefs about the parameters through the use of a prior distribution. In
contrast to frequentist methods, BM seeks to minimize the posterior expected loss or, equivalently,
to maximize the posterior expected utility. This method is widely used not only in statistics
but also in fields such as economics, social sciences, finance, and technology. Despite its broad
applicability, the Bayesian approach is often considered more complex and less intuitive than
MM and MLE.

Let X, Xo,..., X, be a random sample from a population with PDF f(x | a), where « is
an unknown parameter to be estimated [9, 10]. The prior belief about « is represented by a
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Table 1: Comparison of MM, MLE, and BM Estimation Methods

Criteria MM MLE BM

Conceptual Basis Matches sample mo- | Maximizes the likelihood | Updates prior beliefs us-
ments to population | function based on ob- | ing observed data via
moments served data Bayes’ theorem

Computational Com- | Generally simple and | Moderate; may require | Often complex; may re-

plexity straightforward numerical optimization quire integration or sim-

ulation (e.g., MCMC)

essarily efficient or suffi-
cient

cally normal and efficient
under regularity condi-
tions

Assumptions Minimal assumptions; re- | Requires  assumptions | Requires specification of
lies on existence of mo- | about the likelihood | prior distribution and
ments function likelihood

Estimator Properties | Often biased; not nec- | Consistent, asymptoti- | Depends on prior and

loss function; can be op-
timal under specific crite-
ria

Interpretability

Easy to understand and
apply

Widely accepted and in-
terpretable in frequentist
framework

Provides full probabilis-
tic interpretation of un-
certainty

Use Cases

Quick approximations;
simple models

Most common in statis-
tical modeling and infer-
ence

Complex models; when
prior information is avail-
able or needed

prior distribution h(a). Given the observed data, the posterior distribution of « is obtained

using Bayes’ theorem:

by MO fail)
’ JZoo M) TS, f(=i | @) da
The posterior distribution g(« | x1, . .

of the observed data, providing a complete probabilistic description of the uncertainty about «
after observing the sample.

(3.6)

gla| o1,

., Tp) combines the prior information with the likelihood

BM Procedure:.  The steps to apply the Bayesian Method are as follows:

e Step 1: Specify the prior distribution h(a) based on prior knowledge or assumptions.

e Step 2: Compute the likelihood function [[;" | f(z; | @) and use it to derive the posterior
distribution as shown in Equation (3.6).

e Step 3: Minimize the posterior expected loss (or maximize the posterior expected utility)
to obtain the Bayesian estimator of a.

Bayesian estimators are often derived under specific loss functions, such as the squared error
loss, which leads to the posterior mean as the optimal estimator. While Bayesian methods offer
a flexible and coherent framework for inference, they may require computational techniques such
as Markov Chain Monte Carlo (MCMC) when analytical solutions are not feasible.

3.4 Comparison of the Three Estimation Methods
Below we provide a comparative summary table of MM, MLE, and BM as shown in Tab. 1. It
summarizes the strengths and limitations of each method.

4 Applying Estimation Methods to the BD

4.1 Method of Moments (MM) for BD

To apply the Method of Moments (MM) to the Bernoulli distribution, we first note that the BD
is characterized by a single parameter p, which represents the probability of success. Therefore,
only the first-order moment is required for estimation.
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The theoretical (population) first moment of a Bernoulli random variable X € {0,1} is given
by:

My =E[X]=p-1+(1—p)-0=p. (4.1)
The corresponding empirical (sample) first moment is computed as:
— 1 &
M, = - Zx (4.2)
=1
where 1,9, ..., T, are observed values from the sample.

According to the MM procedure, we solve equation M; = J/\/[\l for the parameter p. This
yields the MM estimator:

- 10N
1=

Thus, the MM estimator for the Bernoulli distribution is simply the sample mean, which provides
a straightforward and intuitive estimate of the success probability p.

4.2 Maximum Likelihood Estimation (MLE) for BD

Assume that X, Xo,...,X, are independent and identically distributed Bernoulli random
variables, i.e., X; ~ Ber(p). The probability mass function (PMF) of each X; is given by:

f(l'ﬂp) = pL(l - p)l_xia T; € {Oa 1}
The likelihood function L(p) for the sample is the product of the individual PMFs:

Lip) = [[ fwssp) = [[p" (1 —p)' "
=1 i=1
= pXi=1Ti(] — p)P iz T,

Taking the natural logarithm of the likelihood function yields the log-likelihood function:
In L(p) = In [p= (1 - p)" 2]

— (Z :c,) Inp + (n — Z 3:Z> In(1 - p). (4.4)
i=1 i=1

To find the MLE, we differentiate the log-likelihood with respect to p and set the derivative to
ZEro:
A L) = 2% 2T

P — =0.
dp (») P 1-p

Solving this equation gives:

n 1 n
Z;mznp = ﬁMLEan;wi.
1= 1=

To confirm that this solution corresponds to a maximum, we examine the second derivative:

d? xi o n—>. m
L IL(p) = =1
p? " ®) p*  (1-p)?
—n
- <0,
p(1—p)

which is always negative for 0 < p < 1, confirming that pypg is indeed the maximum.
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Remark:.  For the Bernoulli distribution, both the Method of Moments and Maximum Likeli-
hood Estimation yield the same estimator:

S IR
PMM = PMLE = g 1 ;. (4.5)
1=

Given this equivalence and the desirable properties of MLE, subsequent analysis will focus
primarily on the MLE approach.

4.3 Bayesian Method (BM) for BD

To apply the Bayesian approach to the Bernoulli distribution, we begin by specifying a prior
distribution for the unknown parameter p, denoted by h(p). For analytical convenience and
conjugacy, we assume the prior follows a Beta distribution:

h(p) o< p" (1 —p)*~t, where r,s > 0.

Given a sample X1, Xo, ..., X,, ~ Ber(p), the likelihood function is:

n

Lip) = [[p" (1 = p)' " = p="i(1 = p) 2,

i=1
Combining the prior and likelihood, the unnormalized posterior distribution becomes:

h(p) - L(p) oc p" 271 (1 — p)stn-e—l,

The normalizing constant is the Beta function:

1
/O p7"+zf'7i_1(1 _p)s—i-n—Zzi—l dp =

= B(T+in,s+n— Zazl)
Thus, the posterior distribution is:

g(p | = Tp) = prrE i1 — p)stnm el
P B(r+> zi,s+n—> x;)

~ Beta(r—l—Z:vi,s—i-n— Z:pl)

The Bayesian estimator of p, under squared error loss, is the mean of the posterior distribution:

T+ (4.6)

I~ :E p—
PB [pla] r+s+n’

with the uncertainty captured by the posterior variance:

(r+>ii@i)(s+n— 30, @)
(r+s+n)?(r+s+n+1)

Var(p | z) = (4.7)

This completes the Bayesian estimation for the Bernoulli distribution. Next, we explore its
fundamental statistical properties.
5 Important Properties of the BD

5.1 Basic Features: Mean, Variance, Skewness, Kurtosis

The Bernoulli distribution exhibits several key statistical properties:
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Mean:.
1 1
p=EX)=> af(xp) =Y ap"1-p)'~"
=0 x=0

=0+p'(1—p) ' =p

Higher-Order Moments:.  For any integer k > 1, the k-th moment is:

1 1
E(x*) = Z%fv’“f (:p) = Z:O:v’“p“” (1—p)~"

=0+p'(1—p)!t=p, k=12... (5.1)

Variance:.

o? = Var(X) = E[X?] — (E[X])?
=p—p*=p(l-p). (5.2)

Note that for Bernoulli random variables X € {0, 1}, the identity X* = X holds for all
integers k > 1, which immediately implies E[X*] = p. Using this property, the skewness and
kurtosis are determined as:

Skewness:.

E(X —p)’
0-3

nm=~F

X —pu 3
- -
E (X3 —=3X?pu+3Xp? — i3)
o3

E(X?) = 3E(X?)p+ 3E(X)p? — 1i°
o3
_ p—3pp+3pp? —p°
p(1 =p)-/p(1 —p)

_ 1—3p+ 3p? — p? _ 1 —3p + 2p?
(1-p)v/p(l—p) (1-p)v/p(l-p)
(1-p.(1-2p)  1-2p

1-p)/pA—p) p(I-p)
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X —u 4
g
B (X' —4AXPu 4+ 6X7p2 — AX 3 + pt)
4
g

E(XY —4BE(X*u+ 6E(X?)u? — 4E(X)p? + p*

Kurtosis:.
E(X—p'
ot

Yo =FK

oA
_ p—4pp + 6pp* — 4pp® + p*
~ p(l-p)p(l-p)
B 1 —4p + 6p? — 4p3 + p3
- (I=p)p(l-p)
B 1 —4p + 6p% — 3p3
(1-p)p(l—p)
_ (1-p)(1—3p+3p°)
(I—=p)p(l—p)
_1-3p+ 3p?
~ p(l-p)
These expressions highlight the simplicity and symmetry of the Bernoulli distribution, making
it a foundational model in binary data analysis.

5.2 Estimation Properties: Unbiasedness and Consistency

In statistical inference, an estimator is considered reliable if it satisfies two fundamental properties:
unbiasedness and consistency. These criteria are widely accepted as essential standards for
evaluating the quality of an estimator. In this section, we briefly review these concepts and
apply them to the estimators of the Bernoulli distribution.

5.2.1 Unbiasedness

An estimator p is said to be unbiased if its expected value equals the true parameter it estimates.
Mathematically, this is expressed as:

E[p] = p.
The bias of an estimator is defined as:

Bias(p, p) = E[p] — p. (5.3)

A bias close to zero indicates a good estimator, and a bias of exactly zero implies perfect
unbiasedness.

Unbiasedness of MLE:.  Recall that the MLE for the Bernoulli distribution is:

1 n
pMmL = — E ;.
n <
=1

Its expected value is:

Elpvi] = E

1< 1<
i=1 =1
1

n
Hence, pur, is an unbiased estimator of p.
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Unbiasedness of Bayesian Estimator:.  The Bayesian estimator is given by:
oy
PB r+s+n

Its expected value is:

r+E[D T @il _r+np
r+s+n r+s+n

E[ps] = # P (5.4)

Thus, pp is a biased estimator. However, it is asymptotically unbiased, as shown below:

lim E[pg] = lim (M)

=00 n—oo \r +5+n

-
-+
" lim <P> 0
n—oo \ -+ =+ 1
This implies that the bias of pp diminishes as the sample size increases, making it a reliable
estimator in large samples.

5.2.2 Consistency

In statistical estimation, an estimator is said to be consistent if it converges in probability to
the true parameter value as the sample size increases. One common way to assess consistency is
through the Mean Squared Error (MSE), which combines both the variance and the squared
bias of the estimator.

The MSE of an estimator p for a parameter p is defined as:

MSE(p) = E[(p — p)’] 55
— Var(p) + [Bias(p, p))*

Since MSE is derived from the squared Euclidean distance, it is always non-negative and ideally
approaches zero as the sample size increases.

Consistency of MLE:.  Recall that the MLE for the Bernoulli distribution is:

1 n
PML = — § L,
n-
=1
And it is an unbiased estimator, so:

Bias(pur, p) = 0.

The variance of py, is:

R 1 & 1 &
Var(pyr,) = Var (n z;x,> =3 ;Var(:ci)

_np(l—p) _pd-p)

n2
Thus, the MSE is:
1—
MSE(pmr,) = p=p) —0 asn— oo.
n

This confirms that pyr, is a consistent estimator of p.
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Consistency of Bayesian Estimator:.  The Bayesian estimator is:
T+ Z?:l X;
P = s
Its bias is: 4
PPN T np
Bias =——
(pB7p) r+s+n D,

And its variance is:

Var(pg) = Var (122"

r+s+n
1 . np(1 —p)
- Var(e) = P
(r—i—s—i—n)Q; ar(z;) (r+s+mn)?

Therefore, the MSE is:
2
. np(l — p) r+np
MSE = -
22 (T+8+n)2+<7“+8+n p)

np(1 —p) L (r=rp—sp
(r+s+mn)? r+s+n

2
> — 0, as n — oo.

This confirms that pp is also a consistent estimator of p, despite being biased in finite samples.
6 Systematic Study of Beta(r,s) Priors

6.1 How to Choose Hyperparameters of the Prior Beta(r,s)?

Unlike frequentist estimation, which relies solely on the observed data (z1,...,z,) to estimate
the unknown parameter p of a Bernoulli distribution via methods such as maximum likelihood
(MLE) or method of moments (MM), the Bayesian approach incorporates prior beliefs about p.
Specifically, we assume a prior distribution

Pprior ™~ Beta(r, 8)7 (61)

which encodes our belief about the unknown parameter p. After observing data (z1,...,z,), we
update the estimation by constructing the posterior distribution given by:

n n
Pposterior ™~ Beta (7” + Z Zi, S+n— Z xz) . (6.2)

i=1 i=1
Under squared-error loss, the optimal Bayes estimator is the posterior mean:

T r S
— = —w . — 1—w)  ===—, 6.3
pB r+s+n v 7’+s+( w) n ( )

which is a weighted sum of the prior mean and sample mean with the weight defined by

r+s . . . T
w = —— , showing shrinkage toward the prior mean
r+s+n T

(r,s) determines the prior’s informativeness and directly influences the shrinkage properties of
the Bayes estimator. Additionally, to capture the uncertainty of the Bayes estimator, one can

. The choice of hyperparameters
S

use the posterior variance:

(r+> i xi)(s+n—30 @)
(r+s+n)?(r+s+n+1) °

Var(p | x) = (6.4)

Below is the guidelines for selecting hyperparameters of prior Beta(r, s),
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e Use Beta(1,1) when no prior information is available, i.e. Beta(1,1) is used as a noninfor-
mative prior, corresponding to a uniform distribution over p € [0, 1].

e Use Beta(1/2,1/2) ( known as Jeffreys prior) for objective Bayesian inference, especially
when invariance and minimax risk properties are important.

e Use Beta(r,r) when prior knowledge or symmetry considerations suggest shrinkage toward
0.5, with r controlling the strength of prior belief.

e Use Beta(ap, a(l — p)) when we have informative prior encoding prior knowledge about p,
with concentration controlled by a.

For a general prior distribution Beta(r,s), suppose we have prior beliefs that the true
parameter p has mean 7 and standard deviation o. The hyperparameters (r,s) can then be
determined by solving the moment-matching equations:

E[pprior] =T, Var(pw*ior) = 02- (65)
Since
T rs
E rior] = P rior) = ) .
[Pprior] r+s Var(pprior) (r+s)?2(r+s+1) (6.6)

we obtain the system

= "=
=T, r=—1-m—m,
rts rs — 02 (67)
2 =’ = 1°7,
(r+s)2(r+s+1) -

Special Case: Informative Prior Beta(ap,a(1 — p))

A useful parametrization arises when we set 7 = ap and s = a(1 — p), yielding the prior

Pprior ™~ Beta(ap> a(l - p)) (68)

In this case, the prior mean is exactly p = 7w, while the concentration parameter a controls the
strength of belief around 7. Matching the variance to o2 gives us a formula to find
(1l —m)
a=——"-—1. 6.9
= (69)
Thus, larger values of a correspond to stronger prior concentration (smaller variance), while
smaller values of a yield more diffuse priors. In Section 7, we will provide numerical illustrations
to compare Bayes estimator under several priors above with varying sample sizes.

6.2 Asymptotic Risk Analysis and Minimaxity

We consider the risk function under squared-error loss:
MSE(p,p) = E [ —p)?] . (6.10)

As n — oo, we have the weight w — 0, and thus pp — PyrLE, equalizing asymptotic risk.
For small finite sample sizes, n, Bayes estimators typically have lower risk due to shrinkage,
while the MLE remains unbiased but with higher variance. Table 2 highlights risk behavior
comparison of Bayes estimators under some selected Beta(r, s) priors [5, 14]. Further, Bayesian
decision theory provides conditions under which Bayes estimators are minimax or admissible.
For example, Jeffreys prior Beta(1/2,1/2)) yield minimax estimators under squared-error loss,
while informative priors such as Beta(ap, a(1 — p)) are Bayes rules when prior knowledge about
p exists [5, 14]. In Section 7, we shall provide simulation studies to illustrate risk curves for
different priors compared to the MLE.
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Table 2: Comparison of Bayes estimators under selected Beta(r, s) priors in the Bernoulli model.

Prior Shrinkage tar- Concentration Finite-sample bias Risk behavior
get
Beta(1/2, 1/2) 0.5 Very low Very low Often strong frequentist

properties; near-minimax
under many losses

Beta(2, 2) 0.5 Moderate Moderate toward 0.5 Reduced variance vs.
MLE; improved small-n

MSE near 0.5
Beta(ap, a(1—p)) p Tunable via a  Toward p (magnitude When p is well specified,
x a) dominates MLE in small

n via lower MSE

7 Simulation Studies

All computations in this study, including simulation experiments and real data analyses, were
conducted using the R statistical software. To perform simulation studies for the Bernoulli
distribution, we generate synthetic data. In R, this is conveniently done using the function
rbinom(n, size = 1, prob), where:

e n is the sample size (number of observations),
e size is the number of trials per observation (set to 1 for BD),
e prob is the probability of success, with values in the interval (0,1).

To ensure a comprehensive evaluation, the probability parameter p is varied across nine values:
0.1,0.2,...,0.9, while the sample sizes n considered are: 25,50, 100, 200, 500, 1000, 2000, 5000.
Additionally, each simulation scenario is repeated 2000 times to ensure statistical stability.

For each simulated dataset, the parameter p is estimated using two methods:

e Maximum Likelihood Estimation (MLE): pyie = £ Y1 @,
e Bayesian Method (BM): pp = %, under several priors (r, s) discussed in Section
6.1. Especially, we determine (7, s) using the moment-matching formula (6.7), which aligns

the prior mean and variance with specified beliefs. For example:

— When the true proportion is p = 0.3 or p = 0.5, we assume a prior belief centered
at m = 0.4 with standard deviation o = 0.10. Solving (6.7) yields r = 9 and s = 14,
corresponding to a concentration parameter a = 23.

— When the true proportion is p = 0.7, we set the prior belief at 7 = 0.65 with ¢ = 0.10.
This results in r = 14 and s = 18, giving a concentration parameter a = 22.

To assess the performance of these estimators, three metrics are computed:

e Bias, calculated using Equation (5.3),
e Mean Squared Error (MSE), calculated using Equation (5.5),
e Standard Deviation (SD), computed using the sd () function in R.

7.1 Comparison of Estimators under Single Non-informative Prior Beta(1,1)

The results of the simulation studies with uniform prior » = s = 1, are presented in Table 3,
given in the appendix. We now discuss the findings presented in Table 3. Overall, the results for
all three evaluation metrics: Bias, SD, and MSE are consistently small across different values of
p and sample sizes. This indicates that both the Maximum Likelihood Estimation and Bayesian
Method provide highly reliable estimates for the Bernoulli distribution.
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Bias:.  The bias values for both estimators are generally low, with MLE showing slightly
better performance than BM in most cases. However, the differences are minor and statistically
insignificant. As expected, bias tends to decrease as the sample size increases, confirming the
asymptotic unbiasedness of both estimators.

An interesting observation is that for values of p > 0.6, the bias tends to be negative.
Moreover, the bias values for p and 1 — p are nearly symmetric, which is intuitive given the
binary nature of the Bernoulli distribution. Since p represents the probability of success (i.e., the
proportion of ones), this symmetry reflects the inherent balance between the two outcomes (0
and 1). It is worth noting that the sign of the bias is not critical; what matters is its magnitude,
which can be assessed using absolute values.

Standard Deviation (SD):.  The SD values are uniformly small across all scenarios, further
supporting the reliability of both estimation methods. For smaller sample sizes (i.e., n < 200),
BM tends to yield slightly lower SD values than MLE, although the difference is negligible. For
larger sample sizes, the SD values from both methods converge and become nearly identical,
demonstrating the robustness of both approaches. The empirical standard deviations closely
match the theoretical values \/p(1 — p)/n, confirming the validity of the simulation setup.

Mean Squared Error (MSE):. The MSE results reinforce the conclusions drawn from the
bias and SD analyses. Both MLE and BM produce low MSE values across all settings. For
extreme values of p (i.e., 0.1 and 0.9) with small sample sizes, MLE slightly outperforms BM.
Conversely, for moderate values of p, BM shows marginally better MSE performance. However,
these differences are minimal and do not affect the overall conclusion.

7.2 Comparison of Estimators under Several Prior Beta(r,s)

In this subsection, we analyze the simulation results presented in Figures 3-5, which compare
the bias and MSE (risk) of the MLE and Bayes estimators under different Beta priors. The
priors considered include the uniform prior Beta(1,1), Jeffreys prior Beta(1/2,1/2), symmetric
prior Beta(2,2), and informative priors of the form Beta(ap, a(l — p)) determined via moment
matching.

7.2.1 Case p =0.3: Figure 2

e Bias: The MLE remains nearly unbiased across all sample sizes. Bayes estimators with
symmetric priors (Beta(1,1), Beta(1/2,1/2), Beta(2,2)) exhibit positive bias at small n
due to shrinkage toward 0.5. The informative prior Beta(9, 14) reduces this bias since its
prior mean (= 0.39) is closer to the true p = 0.3.

e MSE: Bayes estimators achieve lower MSE than MLE for small n by reducing variance.
The informative prior Beta(9, 14) performs best, highlighting the advantage of aligning the
prior mean with the true parameter.

e Conclusion: Informative priors near the true p improve small-sample performance, while
symmetric priors induce more bias when p is far from 0.5.

7.2.2 Case p = 0.5: Figure 3

e Bias: The MLE is unbiased. Symmetric priors centered at 0.5 yield minimal bias, which
vanishes quickly as n increases. The informative prior Beta(9, 14) introduces negative bias
at small n since its mean (/ 0.39) is misspecified relative to p = 0.5.

e MSE: Symmetric priors (Beta(1,1), Beta(1/2,1/2), Beta(2,2)) yield the lowest MSE for
small n because their shrinkage target matches the true parameter. The misspecified
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Figure 2: Comparison of estimators under several priors, where the bias and MSE are as functions of
the sample size n for p=0.3.
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Figure 3: Comparison of estimators under several priors, where the bias and MSE are as functions of
the sample size n for p=0.5.
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Figure 4: Comparison of estimators under several priors, where the bias and MSE are as functions of
the sample size n for p=0.7.

informative prior has higher MSE initially but converges as n grows.
e Conclusion: When p ~ 0.5, symmetric priors are optimal. Informative priors with
incorrect mean can degrade small-sample performance.

7.2.3 Case p=0.7: Figure 4

e Bias: The MLE remains unbiased. Symmetric priors shrink toward 0.5, producing negative
bias at small n. The informative prior Beta(14, 18) (mean ~ 0.66) reduces bias by shrinking
toward a value closer to p = 0.7.

e MSE: The informative prior achieves the lowest MSE for small n, outperforming symmetric
priors whose shrinkage target is suboptimal. As n increases, all estimators converge.

e Conclusion: For p far from 0.5, informative priors centered near the true value yield
superior small-sample risk properties.

7.2.4 Cross-Case Insights

e Bayes estimators improve small-sample MSE primarily by reducing variance, at the expense
of bias toward the prior mean.

e The magnitude and direction of bias depend on the gap between the prior mean and the
true p; bias diminishes as n grows.

e Symmetric priors are most effective when p =~ 0.5, while informative priors are preferable
when p is far from 0.5.

e Asymptotically, all estimators converge, so prior choice matters most in small to moderate
samples.

The simulation results demonstrate that both MLE and BM are effective and reliable
methods for estimating the parameter p in the Bernoulli distribution. While MLE is slightly
more accurate in terms of bias and MSE for certain scenarios, BM performs comparably well
and offers additional flexibility through prior incorporation. These findings validate the use of
both methods in practical applications involving binary data.
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Figure 5: PMF of the AMCGRD data and the fitted Bernoulli distribution.

8 Practical Examples

Based on the findings from the simulation studies, the Maximum Likelihood Estimation method
demonstrates slightly greater stability and computational simplicity compared to the Bayesian
Method. For this reason, MLE is selected for analyzing real-world datasets in this section. To
provide a comprehensive evaluation, four actual datasets are considered.

Note that all original datasets were binarized to illustrate the Bernoulli modeling framework.
As this transformation simplifies the original data structure, the conclusions apply specifically
to the binary representation.

8.1 Data 1: AMCGRD Dataset

The first dataset pertains to the number of mistakes made in copying groups of random digits,
referred to as AMCGRD. This dataset was analyzed in the study by Atikankul (2023) [3]. A
detailed description of the dataset is available in the cited work.

Although the AMCGRD dataset originally consists of count data, it can be transformed
into binary data by encoding errors as 1 and non-errors as 0. This transformation allows the
Bernoulli distribution to be applied. The dataset contains a total of 60 observations, of which
35 are zeros.

Using R statistical software, the MLE for the Bernoulli parameter is computed as:

. I
pML = " Z:JL‘z = 0.4167.

=1

Figure 5 displays the probability mass function (PMF) of the AMCGRD data alongside the
fitted Bernoulli distribution using the estimated parameter py, = 0.4167.

As shown in Figure 5, the fitted Bernoulli distribution closely matches the empirical distri-
bution of the AMCGRD data. Specifically, the proportion of zeros in the AMCGRD dataset is
% ~ 0.5833, while the fitted Bernoulli model predicts approximately % ~ 0.5667 zeros. The
similarity in these proportions and the visual alignment of the PMFs indicate that the Bernoulli
distribution provides a good fit for the AMCGRD data. This supports its applicability in
modelling binary outcomes in scientific research.
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Figure 6: PMF of the PN data and the fitted Bernoulli distribution.

8.2 Data 2: Pyrausta Nublilalis (PN) Dataset

The second dataset analyzed is the Pyrausta Nublilalis (PN), also referenced in the study by
Atikankul (2023) [3]. Similar to the AMCGRD dataset, PN originally consists of count data
and is transformed into a binary format for analysis. The encoding is straightforward: if PN
is absent (i.e., no occurrence), it is recorded as 0; otherwise, it is recorded as 1. The dataset
comprises 56 survey subjects, with 23 instances of PN occurrence (i.e., ones). Given its binary
nature, the Bernoulli distribution is appropriate for modelling this data.

Using R statistical software, the MLE for the Bernoulli parameter is calculated as:
1 n
PML = " Zlmz = 0.4107.
1=

Figure 6 presents the PMF of the PN data alongside the fitted Bernoulli distribution using the
estimated parameter py, = 0.4107.

As illustrated in Figure 6, the fitted Bernoulli distribution closely approximates the empirical
distribution of the PN data. Specifically, the number of zeros in the PN dataset is 33 out of
56 observations, while the fitted Bernoulli model predicts approximately 32 zeros. The visual
similarity between the two PMFs confirms that the Bernoulli distribution provides a good fit for
the PN data, reinforcing its utility in modeling binary outcomes in applied research.

8.3 Data 3: Fishing Dataset

The third dataset analyzed is the Fishing Data Set (FDS), a commonly used binary dataset
that was examined in the study by Pho (2023) [18]. The dataset consists of responses from 250
individuals regarding the number of fish caught during fishing activities. The data is encoded
into binary format: a value of 0 indicates no fish caught, while a value of 1 indicates at least one
fish caught. Out of the 250 observations, 142 are zeros, indicating no catch. Given its binary
nature, the Bernoulli distribution is suitable for modelling this dataset.

Using R statistical software, the MLE for the Bernoulli parameter is computed as:

. 1
pur, = z;ar = 0.432.
1=

Figure 7 displays the PMF of the FDS data alongside the fitted Bernoulli distribution using the
estimated parameter pyi, = 0.432.
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Figure 7: PMF of the FDS data and the fitted Bernoulli distribution.

As shown in Figure 7, the fitted Bernoulli distribution closely matches the empirical distri-
bution of the FDS data. Specifically, the number of zeros in the actual dataset is 142, while the
fitted Bernoulli model predicts approximately 141 zeros out of 250 observations. The minimal
difference between the two distributions confirms that the Bernoulli model provides a strong fit
for the FDS data, further validating its use in modelling binary outcomes in applied research.

8.4 Data 4: Infected Blood Cells (IBC) Dataset

The fourth dataset analyzed is the count of infected blood cells (IBC), as discussed in the study
by Lemonte, Moreno-Arenas, and Castellares (2020) [15]. Like the previous datasets, the IBC
data originally consists of count values and is transformed into a binary format for analysis. The
encoding is defined as follows: if an individual has no infected blood cells, the value is recorded
as 0; otherwise, it is recorded as 1. The dataset includes a total of 511 observations, with 314
zeros indicating no infection. Given its binary nature, the Bernoulli distribution is applied to
model the data.

Using R statistical software, the MLE for the Bernoulli parameter is computed as:

_ 1
Pu = = > @i = 0.3856.
=1
Figure 8 presents the PMF of the IBC data alongside the fitted Bernoulli distribution using the
estimated parameter pyir, = 0.3856.

As shown in Figure 8, the fitted Bernoulli distribution closely approximates the empirical
distribution of the IBC data. Specifically, the actual data contains 314 zeros, while the fitted
model predicts approximately 316 zeros out of 511 observations. The difference is minimal
and visually indistinguishable in the PMF plot. This further supports the effectiveness of the
Bernoulli distribution in modelling binary outcomes, especially in datasets with clear dichotomous
characteristics.

9 Discussions and Conclusions

Although this study is conceptually straightforward, it addresses a highly significant topic in
statistical modelling - the Bernoulli distribution (BD), which is foundational in the family
of binary distributions. The BD plays a crucial role in constructing zero-inflated (ZI) count
distributions, which are widely used in modelling data with excess zeros. These ZI models
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Figure 8: PMF of the IBC data and the fitted Bernoulli distribution.

typically involve two components, one of which is governed by the BD. Therefore, understanding
the BD in depth is essential for developing new distributions and enhancing analytical tools for
real-world data.

In this work, we have presented the general formulation of the BD and examined three widely
used point estimation methods: the Method of Moments (MM), Maximum Likelihood Estimation
(MLE), and the Bayesian Method (BM). For each method, we provided clear algorithms to
facilitate practical implementation. These methods were then specifically applied to the BD,
and their performance was evaluated through both theoretical properties and empirical analysis.

We explored the fundamental statistical features of the BD, including its mean, variance,
skewness, and kurtosis. Additionally, we investigated the properties of the estimators: unbiased-
ness and consistency, through analytical derivations. The simulation studies demonstrated that
both MLE and BM yield highly reliable estimates, with MLE offering slightly better performance
in terms of bias and computational simplicity.

A key insight is that the choice of prior in Bayesian estimation critically influences performance.
Jeffreys prior Beta(1/2,1/2) exhibits near-minimax properties and serves as a robust default.
Symmetric priors Beta(r,r) are most effective when the true parameter is near 0.5, while
informative priors Beta(ap, a(1 — p)) aligned with prior knowledge yield superior small-sample
performance when p is far from 0.5. These findings provide practical guidance for selecting
estimation methods depending on sample size and the availability of prior information.

To further validate the applicability of the BD, we analyzed four real-world datasets. In
each case, the BD provided a strong fit to the binary-transformed data, reinforcing its utility in
practical research. The MLE was used for estimation due to its simplicity and stability, and the
results consistently showed minimal differences between empirical and fitted distributions.

It is important to note that both MLE and BM require complete datasets and cannot be
directly applied to data with missing values. The challenges and solutions related to missing
data are discussed in works such as Schafer and Graham (2002) [23], Little (1992) [16], and Lee,
Pho, and Li (2021) [13].

From a computational perspective, MLE is particularly advantageous due to its compatibility
with pre-programmed optimization functions in R, such as optim [26], nlegslv, and maxLik.
Among these, the opt im function is noted for its speed and efficiency. In contrast, implementing
BM often requires custom coding and more complex calculations, making MLE a more practical
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choice for many scientific applications.

Final Remarks.  This study highlights the importance of the Bernoulli distribution in both
theoretical and applied statistics. By providing a comprehensive overview of its properties,
estimation methods, and practical applications, we hope to encourage further exploration and
utilization of the BD in statistical modelling, especially in the development of new ZI distributions
and binary data analysis.
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Appendix

Table 3: Simulation results.

MLE BM
p n Bias SD MSE Bias SD MSE
0.1
25 0.0004  0.0613  0.0037 0.0300  0.0567  0.0041
50 0.0006  0.0423  0.0017 0.0159  0.0406  0.0019
100 < 0.0001  0.0296 0.0008 0.0077 0.0290 0.0009
200 0.0005  0.0213  0.0004 0.0044  0.0211  0.0004
500 < 0.0001  0.0132 0.0001 0.0016 0.0132 0.0001
1000 < 0.0001  0.0095 < 0.0001 0.0007  0.0095 < 0.0001
2000 < 0.0001 0.0067 < 0.0001 0.0004 0.0067 < 0.0001
5000 < 0.0001  0.0041 < 0.0001 0.0001 0.0041 < 0.0001
0.2
25 0.0010  0.0796  0.0063 0.0231 0.0737  0.0059
50 0.0012  0.0570  0.0032 0.0126  0.0548  0.0031
100 < 0.0001 0.0395  0.0015 0.0058  0.0388  0.0015
200 0.0012  0.0283  0.0008 0.0041  0.0280  0.0008
500 -0.0001 0.0177 0.0003 0.0010 0.0177 0.0003
1000 -0.0002  0.0123  0.0001 0.0003  0.0123  0.0001
2000 0.0001 0.0090 < 0.0001 0.0004 0.0090 < 0.0001
5000 0.0001  0.0055 < 0.0001 0.0003  0.0055 < 0.0001
0.3
25 0.0041 0.0907  0.0082 0.0186  0.0840  0.0074
50 0.0023 0.0652 0.0042 0.0099 0.0627 0.0040
100 0.0006  0.0459  0.0021 0.0045  0.0450  0.0020
200 0.0013  0.0328  0.0010 0.0033  0.0325  0.0010
500 0.0001  0.0206  0.0004 0.0009  0.0206  0.0004
1000 -0.0001  0.0144  0.0002 0.0002  0.0143  0.0002
2000 < 0.0001  0.0104 0.0001 0.0002 0.0104 0.0001
5000 < 0.0001 0.0064 < 0.0001 0.0001  0.0064 < 0.0001
0.4
25 0.0048  0.0965  0.0093 0.0118  0.0894  0.0081
50 0.0027 0.0691 0.0047 0.0064 0.0664 0.0044
100 0.0016  0.0493  0.0024 0.0036  0.0483  0.0023
200 0.0005 0.0355 0.0012 0.0015 0.0351 0.0012
500 < 0.0001 0.0222  0.0004 0.0003  0.0221 0.0004
1000 -0.0003  0.0155  0.0002 -0.0001  0.0155  0.0002
2000 < 0.0001 0.0111  0.0001 < 0.0001 0.0111  0.0001
5000 < 0.0001  0.0070 < 0.0001 < 0.0001  0.0070 < 0.0001
0.5
25 0.0031  0.0993  0.0098 0.0029  0.0919  0.0084
50 0.0019 0.0704 0.0049 0.0018 0.0676 0.0045
100 0.0018  0.0501  0.0025 0.0018  0.0491  0.0024
200 0.0004 0.0353 0.0012 0.0004 0.0349 0.0012
500 -0.0001  0.0223  0.0005 -0.0001  0.0222  0.0004
1000 -0.0002 0.0154 0.0002 -0.0002 0.0154 0.0002
2000 0.0001 0.0115  0.0001 0.0001 0.0115  0.0001
5000 0.0001  0.0071 < 0.0001 0.0001  0.0071 < 0.0001
0.6
25 -0.0048  0.0965  0.0093 -0.0118  0.0894  0.0081
50 -0.0027 0.0691 0.0047 -0.0064 0.0664 0.0044
100 -0.0016  0.0493  0.0024 -0.0036  0.0483  0.0023
200 -0.0005 0.0355 0.0012 -0.0015 0.0351 0.0012
500 < 0.0001 0.0222  0.0004 -0.0003  0.0221  0.0004
1000 0.0003 0.0155 0.0002 0.0001 0.0155 0.0002
2000 < 0.0001  0.0111 0.0001 < 0.0001  0.0111 0.0001
5000 < 0.0001 0.0070 < 0.0001 < 0.0001 0.0070 < 0.0001
0.7
25 -0.0041 0.0907 0.0082 -0.0186 0.0840 0.0074
50 -0.0023  0.0652  0.0042 -0.0099  0.0627  0.0040
100 -0.0006  0.0459  0.0021 -0.0045  0.0450  0.0020
200 -0.0013 0.0328 0.0010 -0.0033 0.0325 0.0010
500 -0.0001  0.0206  0.0004 -0.0009  0.0206  0.0004
1000 0.0001 0.0144 0.0002 -0.0002 0.0143 0.0002
2000 < 0.0001 0.0104  0.0001 -0.0002  0.0104  0.0001
5000 < 0.0001 0.0064 < 0.0001 -0.0001 0.0064 < 0.0001
0.8
25 -0.0010 0.0796 0.0063 -0.0231 0.0737 0.0059
50 -0.0012  0.0570  0.0032 -0.0126  0.0548  0.0031
100 < 0.0001  0.0395 0.0015 -0.0058 0.0388 0.0015
200 -0.0012  0.0283  0.0008 -0.0041  0.0280  0.0008
500 0.0001  0.0177  0.0003 -0.0010  0.0177  0.0003
1000 0.0002 0.0123 0.0001 -0.0003 0.0123 0.0001
2000 -0.0001  0.0090 < 0.0001 -0.0004  0.0090 < 0.0001
5000 -0.0001 0.0055 < 0.0001 -0.0003 0.0055 < 0.0001
0.9
25 -0.0004 0.0613 0.0037 -0.0300 0.0567 0.0041
50 -0.0006  0.0423  0.0017 -0.0159  0.0406  0.0019
100 < 0.0001  0.0296 0.0008 -0.0077 0.0290 0.0009
200 -0.0005  0.0213  0.0004 -0.0044  0.0211 0.0004
500 < 0.0001 0.0132 0.0001 -0.0016 0.0132 0.0001
1000 < 0.0001  0.0095 < 0.0001 -0.0007  0.0095 < 0.0001
2000 < 0.0001  0.0067 < 0.0001 -0.0004  0.0067 < 0.0001
5000 < 0.0001 0.0041 < 0.0001 -0.0001 0.0041 < 0.0001
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