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Abstract

In this paper, we study a differential equation involving a conformable derivative with variable coefficients.
Using Banach’s fixed-point theorem, we prove the global existence and uniqueness of a mild solution. We
also establish the continuous dependence of the solution on the parameters. In addition, we show the
convergence of the mild solution as the fractional order approaches 1−.
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1 Introduction

In this paper, we study the following differential equation:

Dα
t (y

′(t)) + λ(t)y′ = µG(Dα
t y(t)), y(0) = y0. (1.1)

The function λ ∈ C([0, T ]) and the initial datum y0 ∈ R. The function G is defined later. The

parameter µ is a real number. The symbol
C∂α

∂tα f is defined by

C∂α

∂tα
f(t) := lim

δ→0

f(t+ δt1−α)− f(t)

δ
, 0 < α < 1, (1.2)

which is understood as the conformable derivative of f . It is easy to see that the conformable
derivative like (1.2) is exactly an extension of the classical derivative and was first established
in [14]. Some models in practice need the appearance of conformable derivatives as clarified in
[9, 22, 27]. In addition, the conformable derivative is well-behaved and obeys the Leibniz rule
and chain rule.
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As we know, fractional differential equations (FDE) have several fields of application, for
example, in chemistry, theoretical biology and ecology, economics, and engineering. Conformable
fractional differential equations have many applications in some different fields, for example,
harmonic oscillations, damped oscillations (see [8]), electrical circuits (see [16]), some chaotic
systems in dynamics (see [10]), motion of the projectile (see [3]). There are some results on
ODEs and PDEs with fractional derivatives, for example, [1, 6, 11–13, 15, 18]. Conformable
derivatives related to partial derivatives have been studied in many recent works, for example,
[17, 21, 23]. In the following, we list some previous papers which mention our current paper.

In [7] M. Bouaouid, K. Hilal and S. Melliani showed the existence of mild solutions for a
class of conformable fractional differential equations with nonlocal conditions. They applied
semigroup theory combined with the Schaefer fixed point theorem. W. Zhong, L. Wang [26]
considered the conformable fractional differential equation with integral boundary conditions.
By applying the fixed point theorem in a cone, some criteria for the existence of at least one
positive solution to the problem are established. B. Ahmad, M. Alghanmi, A. Alsaedi and
R.V. Agarwal [2] studied a system of nonlinear conformable fractional differential equations
with impulsive terms. By using the new tools of functional analysis, they showed the existence
of the solution to their problem. Recently, Zhai and Liu [24] constructed a new conformable
integro-differential equation with integral boundary conditions. By applying a recent fixed point
theorem for monotone operators in ordered Banach spaces, they obtained the existence and
uniqueness of positive solutions for the boundary value problem. For some results on initial
boundary value problems of the conformable differential equations, we introduce some papers
[5, 19, 25]. These three works refer to the existence of solutions to boundary value problems for
some specific conformable differential equations. Some methods were applied for proving the
existence of boundary value problems, for example, tube solution and Schauder’s fixed-point
theorem [5], Krasnoselskii’s fixed point theorem [4].

To the best of our knowledge, there are not any results mentioned to problem (1.1). Our
main results are described as follows. Under the global Lipschitz assumption on G, we obtain
the global existence of a mild solution. The second result concerns the continuity of the mild
solution with the coefficient λ and µ. We also get the convergence of the mild solution when
α → 1−.

2 Main results

In order to construct the solution, we need to introduce the following space. Let us define
Cθ[0, T ] such that ∥∥∥v∥∥∥

Cθ([0,T ])
= sup

0≤t≤T
e

−θtα

α |v(t)|.

Theorem 2.1. Let G be a function such that G(0) = 0 and

|G(a)−G(b)| ≤ K|a− b|, ∀a, b ∈ R,

for some constant K > 0. Assume moreover that λ ∈ C([0, T ]) and λ(t) ≥ λ0 > 0 for all
t ∈ [0, T ]. Then problem (1.1) has a unique mild solution y ∈ C1([0, T ]) with y′ ∈ Cθ([0, T ]),
where θ = 2T |µ|K. In addition, we get

|y(t)| ≤ 2Te
2TµKTα

α |y1|+ |y0|.

Proof. Since the fact that

Dα
t y(t) = t1−αy′(t),
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The main equation becomes to

t1−αy′′(t) + λy′ = µG(t1−αy′(t)).

This implies that

y′′(t) + λtα−1y′ = µtα−1G(t1−αy′(t)).

Let z(t) = y′(t). Then we get the following equality

z′(t) + λ(t)tα−1z(t) = µtα−1G
(
t1−αz(t)

)
, z(0) = y′(0) = y1.

Then one has

z(t) = exp
(
−
∫ t

0
λ(s)sα−1ds

)
y1

+ µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)
G
(
s1−αz(s)

)
ds. (2.1)

Our next goal is to show that problem (2.1) has a unique solution z. We set Q : Cθ([0, T ]) →
Cθ([0, T ]) as follows

Qz(t) = exp
(
−
∫ t

0
λ(s)sα−1ds

)
y1

+ µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)
G
(
s1−αz(s)

)
ds.

Take the zero function z0 = 0. Then since the fact that G(0) = 0, we get

Qz0(t) = exp
(
−
∫ t

0
λ(s)sα−1ds

)
y1.

Then we get that

e
−θtα

α

∣∣∣Qz0(t)
∣∣∣ ≤ |y1|,

which allows us to deduce that Qz0 ∈ Cθ([0, T ]) and∥∥∥Qz0

∥∥∥
Cθ([0,T ])

≤ |y1|.

Let us take any functions z1, z2 ∈ Cθ([0, T ]). Then we get

Qz1(t)− Qz2(t)

= µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)[
G
(
s1−αz1(s)

)
−G

(
s1−αz2(s)

)]
ds.

Since the fact that λ(r) ≥ λ0 > 0, we know that

exp
(
−
∫ t

s
λ(r)rα−1dr

)
≤ exp

(
− λ0

tα − sα

α

)
. (2.2)

Using global Lipschitz of G, we know that∣∣∣G(s1−αz1(s)
)
−G

(
s1−αz2(s)

)∣∣∣ ≤ Ks1−α
∣∣∣z1(s)− z2(s)

∣∣∣.
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This implies that∣∣∣Qz1(t)− Qz2(t)
∣∣∣ ≤ Kµ

∫ t

0
exp

(
− λ0

tα − sα

α

)∣∣∣z1(s)− z2(s)
∣∣∣ds

= Kµ

∫ t

0
exp

(
− λ0

tα − sα

α

)
e

θsα

α e
−θsα

α

∣∣∣z1(s)− z2(s)
∣∣∣ds

≤ Kµ
(∫ t

0
exp

(
− λ0

tα − sα

α

)
e

θsα

α ds
)∥∥∥z1 − z2

∥∥∥
Cθ([0,T ])

.

Thus, we obtain that

e
−θtα

α

∣∣∣Qz1(t)− Qz2(t)
∣∣∣ ≤ Kµ

(∫ t

0
exp

(
− (λ0 + θ)

tα − sα

α

)
ds
)∥∥∥z1 − z2

∥∥∥
Cθ([0,T ])

. (2.3)

Let us treat the integral term on the right above. Indeed, we find that∫ t

0
exp

(
− (λ0 + θ)

tα − sα

α

)
ds

=

∫ t

0
s1−αsα−1 exp

(
− (λ0 + θ)

tα − sα

α

)
ds

≤ T 1−α

∫ t

0
sα−1 exp

(
− (λ0 + θ)

tα − sα

α

)
ds

= T 1−α exp
(
− (λ0 + θ)

tα

α

)∫ t

0
sα−1 exp

(
− (λ0 + θ)

sα

α

)
ds.

It is obvious to see that∫ t

0
sα−1 exp

(
− (λ0 + θ)

sα

α

)
ds =

exp
(
(λ0 + θ) t

α

α

)
− 1

λ0 + θ
.

Hence, we find that∫ t

0
exp

(
− (λ0 + θ)

tα − sα

α

)
ds ≤ T 1−α

1− exp
(
− (λ0 + θ) t

α

α

)
λ0 + θ

. (2.4)

Combining (2.3) and (2.4), we find that

e
−θtα

α

∣∣∣Qz1(t)− Qz2(t)
∣∣∣ ≤ TµK

λ0 + θ

∥∥∥z1 − z2

∥∥∥
Cθ([0,T ])

.

Hence, we get that ∥∥∥Qz1 − Qz2

∥∥∥
Cθ([0,T ])

≤ TµK

λ0 + θ

∥∥∥z1 − z2

∥∥∥
Cθ([0,T ])

.

Let us choose θ = 2T |µ|K, we find that∥∥∥Qz1 − Qz2

∥∥∥
Cθ([0,T ])

≤ 1

2

∥∥∥z1 − z2

∥∥∥
Cθ([0,T ])

.

Since the above estimates, we can conclude that Q is a contraction on the space Cθ([0, T ]) for
θ = 2TµK. Thus, there exists a function z ∈ Cθ([0, T ]) which satisfies that

z(t) = exp
(
−
∫ t

0
λ(s)sα−1ds

)
y1

+ µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)
G
(
s1−αz(s)

)
ds.
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Since the appearance of z, we can choose y such that

y(t) =

∫ t

0
z(s)ds+ y0.

The above equality claims the existence of the mild solution y. In addition, we get∥∥∥z∥∥∥
Cθ([0,T ])

≤
∥∥∥Qz − Q(z = 0)

∥∥∥
Cθ([0,T ])

+
∥∥∥Q(z = 0)

∥∥∥
Cθ([0,T ])

≤ 1

2

∥∥∥z∥∥∥
Cθ([0,T ])

+ |y1|.

This implies that

|z(t)| ≤ 2e
2TµKtα

α |y1|. (2.5)

Thus, we find that

|y(t)| ≤
∫ t

0
|z(s)|ds+ |y0| ≤ 2Te

2TµKTα

α |y1|+ |y0|.

Theorem 2.2. Let yλ and y
λ̃
be two solutions of Problem (1.1) with the parameter λ and λ̃.

Then we get∥∥∥yλ − y
λ̃

∥∥∥
L∞(0,T )

≤ TeKµT

(
Tα

α
eλ0

Tα

α +
µTα+1

α(α+ 1)
e

2TµKTα

α
+λ0

Tα

α

)∥∥∥λ− λ̃
∥∥∥
L∞(0,T )

|y1|. (2.6)

Proof. Let us recall that zλ be as follows

zλ(t) = exp
(
−
∫ t

0
λ(s)sα−1ds

)
y1

+ µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)
G
(
s1−αzλ(s)

)
ds.

and

z
λ̃
(t) = exp

(
−
∫ t

0
λ̃(s)sα−1ds

)
y1

+ µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ̃(r)rα−1dr

)
G
(
s1−αz

λ̃
(s)
)
ds.

From the two above equalities, we find that

zλ(t)− z
λ̃
(t) = exp

(
−
∫ t

0
λ(s)sα−1ds

)
y1 − exp

(
−
∫ t

0
λ̃(s)sα−1ds

)
y1

+ µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)(
G
(
s1−αzλ(s)

)
−G

(
s1−αz

λ̃
(s)
))

ds

+ µ

∫ t

0
sα−1

[
exp

(
−
∫ t

s
λ(r)rα−1dr

)
− exp

(
−
∫ t

s
λ̃(r)rα−1dr

)]
G
(
s1−αz

λ̃
(s)
)
ds (2.7)

= (A) + (B) + (C). (2.8)
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Let us consider the first term (A). Indeed, using the inequality |e−a − e−b| ≤ |a − b| for any
a, b ≥ 0, we find that

|(A)| ≤
∣∣∣ ∫ t

0

(
λ(s)− λ̃(s)

)
sα−1ds

∣∣∣|y1|
≤ |y1|

∥∥∥λ− λ̃
∥∥∥
L∞(0,T )

∫ t

0
sα−1ds =

Tα

α

∥∥∥λ− λ̃
∥∥∥
L∞(0,T )

|y1|. (2.9)

We continue to treat the second term (B). Since (2.2), we get that

|(B)| ≤ µ

∫ t

0
sα−1 exp

(
− λ0

tα − sα

α

)∣∣∣∣∣G(s1−αzλ(s)
)
−G

(
s1−αz

λ̃
(s)
)∣∣∣∣∣ds

≤ Kµ

∫ t

0
exp

(
− λ0

tα − sα

α

)∣∣∣zλ(s)− z
λ̃
(s)
∣∣∣ds. (2.10)

Finally, we treat the term (C). In view of the inequality |e−a − e−b| ≤ |a− b| for any a, b ≥ 0,
we obtain∣∣∣∣∣ exp(−

∫ t

s
λ(r)rα−1dr

)
− exp

(
−
∫ t

s
λ̃(r)rα−1dr

)∣∣∣∣∣ ≤ ∣∣∣
∫ t

s
λ(r)rα−1dr −

∫ t

s
λ̃(r)rα−1dr

∣∣∣
≤
∥∥∥λ− λ̃

∥∥∥
L∞(0,T )

∫ t

s
rα−1dr =

tα − sα

α

∥∥∥λ− λ̃
∥∥∥
L∞(0,T )

.

This implies that

|(C)| ≤ µ
∥∥∥λ− λ̃

∥∥∥
L∞(0,T )

∫ t

0
sα−1

(
tα − sα

α

) ∣∣∣G(s1−αz
λ̃
(s)
)∣∣∣ds. (2.11)

Using (2.5) and globally Lipschitz of G, we find that∣∣∣G(s1−αz
λ̃
(s)
)∣∣∣ ≤ Ks1−α|z

λ̃
(s)| ≤ Ks1−αe

2TµKTα

α |y1|. (2.12)

By collecting (2.11) and (2.12), we find that

|(C)| ≤ µe
2TµKTα

α |y1|
∥∥∥λ− λ̃

∥∥∥
L∞(0,T )

∫ t

0

(
tα − sα

α

)
ds

≤ µTα+1

α(α+ 1)
e

2TµKTα

α |y1|
∥∥∥λ− λ̃

∥∥∥
L∞(0,T )

. (2.13)

Combining (2.7), (2.9), (2.10) and (2.13), we deduce that∣∣∣zλ(t)− z
λ̃
(t)
∣∣∣ ≤ |(A)|+ |(B)|+ |(C)|

≤ Tα

α

∥∥∥λ− λ̃
∥∥∥
L∞(0,T )

|y1|+
µTα+1

α(α+ 1)
e

2TµKTα

α |y1|
∥∥∥λ− λ̃

∥∥∥
L∞(0,T )

+Kµ

∫ t

0
exp

(
− λ0

tα − sα

α

)∣∣∣zλ(s)− z
λ̃
(s)
∣∣∣ds.

Multiplying both sides to eλ0
tα

α , we obtain that

eλ0
tα

α

∣∣∣zλ(t)− z
λ̃
(t)
∣∣∣ ≤ (Tα

α
eλ0

Tα

α +
µTα+1

α(α+ 1)
e

2TµKTα

α
+λ0

Tα

α

)∥∥∥λ− λ̃
∥∥∥
L∞(0,T )

|y1|

+Kµ

∫ t

0
eλ0

sα

α

∣∣∣zλ(s)− z
λ̃
(s)
∣∣∣ds.
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By applying Gronwall’s inequality, we deduce that

eλ0
tα

α

∣∣∣zλ(t)− z
λ̃
(t)
∣∣∣ ≤ eKµt

(
Tα

α
eλ0

Tα

α +
µTα+1

α(α+ 1)
e

2TµKTα

α
+λ0

Tα

α

)∥∥∥λ− λ̃
∥∥∥
L∞(0,T )

|y1|.

Hence, we have immediately that

∣∣∣zλ(t)− z
λ̃
(t)
∣∣∣ ≤ eKµt

(
Tα

α
eλ0

Tα

α +
µTα+1

α(α+ 1)
e

2TµKTα

α
+λ0

Tα

α

)∥∥∥λ− λ̃
∥∥∥
L∞(0,T )

|y1|. (2.14)

Moreover, we recall the formula

yλ(t) =

∫ t

0
zλ(s)ds+ y0,

and

y
λ̃
(t) =

∫ t

0
z
λ̃
(s)ds+ y0.

Then we follow from (2.14) that∣∣∣yλ(t)− y
λ̃
(t)
∣∣∣ ≤ ∫ t

0

∣∣∣zλ(s)− z
λ̃
(s)
∣∣∣ds

≤ TeKµT

(
Tα

α
eλ0

Tα

α +
µTα+1

α(α+ 1)
e

2TµKTα

α
+λ0

Tα

α

)∥∥∥λ− λ̃
∥∥∥
L∞(0,T )

|y1|

which shows that (2.6). The proof of Theorem is completed.

In the following theorem, we provide a theorem which shows that the convergence of the
mild solution to problem (1.1).

Theorem 2.3. Let yα be the mild solution of problem (1.1). Let y∗ be the mild solution of the
following problem

y′′(t) + λ(t)y′ = µG(y′(t)), y(0) = y0. (2.15)

Let us assume that 0 < λ0 ≤ λ(t) ≤ M0. Then we get∣∣∣yα(t)− y∗(t)
∣∣∣ ≤ C̃

[
(1− α)µ + (1− α) + |T 1−α − 1|+ 1− α

α

]
|y1|eKµTT.

Here 0 < µ ≤ α0 and C̃ is a positive constant which depends on µ,K,M0, T, α, µ0.

Proof. Let us first consider the solution of problem (2.15). Let w∗(t) = (y∗)′(t). Then we get

(w∗)′(t) + λ(t)w∗(t) = µG(w∗(t)), w(0) = y1.

Then we obtain

w∗(t) = exp
(
−
∫ t

0
λ(s)ds

)
y1 + µ

∫ t

0
exp

(
−
∫ t

s
λ(r)dr

)
G
(
w∗(s)

)
ds, (2.16)
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and

y∗(t) =

∫ t

0
w∗(s)ds+ y0. (2.17)

By a similar proof of Theorem 2.2, we show that problem (2.16) has a unique mild solution w∗.
Our next aim is to give the upper bound for the term∣∣∣zα(t)− w∗(t)

∣∣∣,
where

zα(t) = exp
(
−
∫ t

0
λ(s)sα−1ds

)
y1

+ µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)
G
(
s1−αzα(s)

)
ds. (2.18)

From (2.16) and (2.18), we obtain that

zα(t)− w∗(t) =

[
exp

(
−
∫ t

0
λ(s)sα−1ds

)
− exp

(
−
∫ t

0
λ(s)ds

)]
y1

+ µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)[
G
(
s1−αzα(s)

)
−G

(
w∗(s)

)]
ds

+ µ

∫ t

0

[
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)
− sα−1 exp

(
−
∫ t

s
λ(r)dr

)]
G
(
w∗(s)

)
ds

+ µ

∫ t

0

(
sα−1 − 1

)
exp

(
−
∫ t

s
λ(r)dr

)
G
(
w∗(s)

)
ds

= K1 + K2 + K3 + K4.

Step 1. Estimate of K1 .
Let us consider the term K1. In view of the inequality |e−a − e−b| ≤ |a− b| for any a, b ≥ 0, we
obtain that ∣∣∣K1

∣∣∣ ≤ ∣∣∣ ∫ t

0
λ(s)sα−1ds−

∫ t

0
λ(s)ds

∣∣∣ ≤ M0

∫ t

0
|sα−1 − 1|ds

where we have used the fact that λ(s) ≤ M0 for 0 ≤ s ≤ T . By the result [20], we obtain that∫ t

0
|sα−1 − 1|ds ≤ C(α0, µ)t

α−µ0

[
(1− α)µ + (1− α) + |T 1−α − 1|

]
+

1− α

α
, (2.19)

where 0 < µ ≤ α0. Thus, we have immediately that∣∣∣K1

∣∣∣ ≤ C1

[
(1− α)µ + (1− α) + |T 1−α − 1|+ 1− α

α

]
.

Here C1 depends on M0, µ, α0, µ, T .
Step 2. Estimate of K2 .
It is obvious to see that

K2 = µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)[
G
(
s1−αzα(s)

)
−G

(
s1−αw∗(s)

)]
ds

+ µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)[
G
(
s1−αw∗(s)

)
−G

(
w∗(s)

)]
ds

= K2,1 + K2,2.
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Using globally Lipschitz of G and (2.2), we get

K2,1 ≤ Kµ

∫ t

0
sα−1 exp

(
− λ0

tα − sα

α

)
s1−α

∣∣∣zα(s)− w∗(s)
∣∣∣ds

≤ Kµ

∫ t

0

∣∣∣zα(s)− w∗(s)
∣∣∣ds.

In addition, in view of (2.2), we get

K2,2 ≤ Kµ

∫ t

0
sα−1 exp

(
− λ0

tα − sα

α

)
|s1−α − 1|

∣∣∣w∗(s)
∣∣∣ds

≤ KCµ|y1|
∫ t

0
|1− sα−1| ds

where we note that
∣∣∣w∗(s)

∣∣∣ ≤ C|y1|. Thus, we use (2.19) to obtain that

K2,2 ≤ KCµ|y1|

[
C(α0, µ)T

α−µ0

[
(1− α)µ + (1− α) + |T 1−α − 1|

]
+

1− α

α

]
.

Since the two above observations, we derive that

K2 ≤ K2,1 + K2,2

≤ C2|y1|

[
(1− α)µ + (1− α) + |T 1−α − 1|+ 1− α

α

]

+Kµ

∫ t

0

∣∣∣zα(s)− w∗(s)
∣∣∣ds.

Here C2 depends on K,C, µ, α0, µ, T .
Step 3. Estimate of K3 . In view of the inequality |e−a − e−b| ≤ |a− b| for any a, b ≥ 0, we find
that ∣∣∣ exp(− ∫ t

s
λ(r)rα−1dr

)
− exp

(
−
∫ t

s
λ(r)dr

)∣∣∣ ≤ ∫ t

s
λ(r)|rα−1 − 1|dr

≤ M0

∫ t

s
|rα−1 − 1|dr ≤ M0

∫ t

0
|rα−1 − 1|dr.

Using (2.19), we derive that∣∣∣ exp(− ∫ t

s
λ(r)rα−1dr

)
− exp

(
−
∫ t

s
λ(r)dr

)∣∣∣
≤ M0

[
C(α0, µ)T

α−µ0

[
(1− α)µ + (1− α) + |T 1−α − 1|

]
+

1− α

α

]
.

This implies that

K3 ≤ C3|y1|

[
C(α0, µ)T

α−µ0

[
(1− α)µ + (1− α) + |T 1−α − 1|

]
+

1− α

α

]∫ t

0
sα−1ds

≤ C3|y1|

[
(1− α)µ + (1− α) + |T 1−α − 1|+ 1− α

α

]
,
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where C3 depends on µ,K,M0, T, α, µ0.
Step 4. Estimate of K4 .
By similar techniques as above, we find that

|K4| ≤ µ

∫ t

0

∣∣∣sα−1 − 1
∣∣∣∣∣∣G(w∗(s)

)∣∣∣ds
≤ C4

[
(1− α)µ + (1− α) + |T 1−α − 1|+ 1− α

α

]
.

Here C4 depends on M0, α0, µ, T . By collecting the four steps as above, we deduce that∣∣∣zα(t)− w∗(t)
∣∣∣ ≤ |K1|+ |K2|+ |K3|+ |K4|

≤ C̃
[
(1− α)µ + (1− α) + |T 1−α − 1|+ 1− α

α

]
|y1|+Kµ

∫ t

0

∣∣∣zα(s)− w∗(s)
∣∣∣ds,

where C̃ depends on µ,K,M0, T, α, µ0. By applying Gronwall’s inequality, we claim that∣∣∣zα(t)− w∗(t)
∣∣∣ ≤ C̃

[
(1− α)µ + (1− α) + |T 1−α − 1|+ 1− α

α

]
|y1|eKµt. (2.20)

Using (2.17) and noting that

yα(t) =

∫ t

0
zα(s)ds+ y0

we know that

yα(t)− y∗(t) =

∫ t

0
(zα(s)− w∗(s)) ds. (2.21)

Combining (2.20) and (2.21), we obtain that∣∣∣yα(t)− y∗(t)
∣∣∣ ≤ C̃

[
(1− α)µ + (1− α) + |T 1−α − 1|+ 1− α

α

]
|y1|eKµT t.

The proof is completed.

Theorem 2.4. Let yµ and yµ′ be two mild solutions to problem (1.1). Then we get∣∣∣yµ(t)− yµ′(t)
∣∣∣ ≤ 2T 2e

2TµKTα

α eKµT |y1||µ− µ′|.

Proof. Let yµ and yµ′ be two mild solutions to problem (1.1). Then we get

yµ(t) =

∫ t

0
zµ(s)ds+ y0, yµ′(t) =

∫ t

0
zµ′(s)ds+ y0. (2.22)

Here two functions zµ and zµ′ satisfy that

zµ(t) = exp
(
−
∫ t

0
λ(s)sα−1ds

)
y1

+ µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)
G
(
s1−αzµ(s)

)
ds, (2.23)
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and

zµ′(t) = exp
(
−
∫ t

0
λ(s)sα−1ds

)
y1

+ µ′
∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)
G
(
s1−αzµ′(s)

)
ds. (2.24)

From (2.23) and (2.24), we derive that

zµ(t)− zµ′(t)

= µ

∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)[
G
(
s1−αzµ(s)

)
−G

(
s1−αzµ′(s)

)]
ds

+
(
µ− µ′

)∫ t

0
sα−1 exp

(
−
∫ t

s
λ(r)rα−1dr

)
G
(
s1−αzµ′(s)

)
ds

= P1 + P2. (2.25)

Let us treat the first term P1. Using global Lipschitz property of G, we find that∣∣∣P1

∣∣∣ ≤ Kµ

∫ t

0
sα−1s1−α

∣∣∣zµ(s)− zµ′(s)
∣∣∣ds = Kµ

∫ t

0

∣∣∣zµ(s)− zµ′(s)
∣∣∣ds. (2.26)

By similar ideas as above, we get∣∣∣P2

∣∣∣ ≤ |µ− µ′|
∫ t

0
sα−1s1−α|zµ′(s)|ds

≤ 2e
2TµKTα

α |y1||µ− µ′|
∫ t

0
ds ≤ 2Te

2TµKTα

α |y1||µ− µ′| (2.27)

where we have used (2.5). Combining (2.25), (2.26) and (2.27), we derive that∣∣∣zµ(t)− zµ′(t)
∣∣∣ ≤ 2Te

2TµKTα

α |y1||µ− µ′|+Kµ

∫ t

0

∣∣∣zµ(s)− zµ′(s)
∣∣∣ds.

In view of Gronwall’s inequality, we obtain that∣∣∣zµ(t)− zµ′(t)
∣∣∣ ≤ 2Te

2TµKTα

α eKµT |y1||µ− µ′|.

It follows from (2.22) that∣∣∣yµ(t)− yµ′(t)
∣∣∣ ≤ ∫ t

0

∣∣∣zµ(s)− zµ′(s)
∣∣∣ds ≤ 2Te

2TµKTα

α eKµT |y1||µ− µ′|
∫ t

0
ds

≤ 2T 2e
2TµKTα

α eKµT |y1||µ− µ′|.
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