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Abstract

In this paper, we study a differential equation involving a conformable derivative with variable coefficients.
Using Banach’s fixed-point theorem, we prove the global existence and uniqueness of a mild solution. We
also establish the continuous dependence of the solution on the parameters. In addition, we show the
convergence of the mild solution as the fractional order approaches 1.
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1 Introduction

In this paper, we study the following differential equation:

Di(y' (1)) + A(t)y = nG(Dfy(t),  y(0) = yo. (1.1)

The function A € C(]0,7]) and the initial datum yo € R. The function G is defined later. The
parameter p is a real number. The symbol % f is defined by
co f(t+6t17) — f(t)

gpa ) = lim 5 )

0<a<l, (1.2)

which is understood as the conformable derivative of f. It is easy to see that the conformable
derivative like (1.2) is exactly an extension of the classical derivative and was first established
n [14]. Some models in practice need the appearance of conformable derivatives as clarified in
[9, 22, 27]. In addition, the conformable derivative is well-behaved and obeys the Leibniz rule
and chain rule.

(© 2025 The Author(s). This is an Open Access article distributed under the terms of the Creative Commons
Attribution 4.0 International License, which permits unrestricted use, distribution, and reproduction in any
medium, provided the original author and source are credited.
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As we know, fractional differential equations (FDE) have several fields of application, for
example, in chemistry, theoretical biology and ecology, economics, and engineering. Conformable
fractional differential equations have many applications in some different fields, for example,
harmonic oscillations, damped oscillations (see [8]), electrical circuits (see [16]), some chaotic
systems in dynamics (see [10]), motion of the projectile (see [3]). There are some results on
ODEs and PDEs with fractional derivatives, for example, [1, 6, 11-13, 15, 18]. Conformable
derivatives related to partial derivatives have been studied in many recent works, for example,
[17, 21, 23]. In the following, we list some previous papers which mention our current paper.

In [7] M. Bouaouid, K. Hilal and S. Melliani showed the existence of mild solutions for a
class of conformable fractional differential equations with nonlocal conditions. They applied
semigroup theory combined with the Schaefer fixed point theorem. W. Zhong, L. Wang [26]
considered the conformable fractional differential equation with integral boundary conditions.
By applying the fixed point theorem in a cone, some criteria for the existence of at least one
positive solution to the problem are established. B. Ahmad, M. Alghanmi, A. Alsaedi and
R.V. Agarwal [2] studied a system of nonlinear conformable fractional differential equations
with impulsive terms. By using the new tools of functional analysis, they showed the existence
of the solution to their problem. Recently, Zhai and Liu [24] constructed a new conformable
integro-differential equation with integral boundary conditions. By applying a recent fixed point
theorem for monotone operators in ordered Banach spaces, they obtained the existence and
uniqueness of positive solutions for the boundary value problem. For some results on initial
boundary value problems of the conformable differential equations, we introduce some papers
[5, 19, 25]. These three works refer to the existence of solutions to boundary value problems for
some specific conformable differential equations. Some methods were applied for proving the
existence of boundary value problems, for example, tube solution and Schauder’s fixed-point
theorem [5], Krasnoselskii’s fixed point theorem [4].

To the best of our knowledge, there are not any results mentioned to problem (1.1). Our
main results are described as follows. Under the global Lipschitz assumption on G, we obtain
the global existence of a mild solution. The second result concerns the continuity of the mild
solution with the coefficient A and pu. We also get the convergence of the mild solution when
a—1".

2 Main results

In order to construct the solution, we need to introduce the following space. Let us define
C?10, T such that
|

Theorem 2.1. Let G be a function such that G(0) =0 and

= _eta| ()
sup e o |v(t)].
co([oT])  o<t<T

IG(a) — GOb)| < Kla—b|,  Va,beR,

for some constant K > 0. Assume moreover that A € C([0,T]) and A(t) > Ao > 0 for all
t € [0,T). Then problem (1.1) has a unique mild solution y € C*([0,T]) with y' € C?([0,T]),
where = 2T |u|K. In addition, we get

2T KT

ly(t)| < 2Te™ o |y1] + |yol-

Proof. Since the fact that
Diy(t) =t~/ (1),
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The main equation becomes to
Y (1) + Ny = pG Y (1)),
This implies that
y' (1) + ATy = T G Y ().
Let z(t) = y/(t). Then we get the following equality
(1) + AT (1) = T G (12 (0), 2(0) = (0) = .

Then one has
z(t) = exp ( - /Ot )\(s)so‘_lds)yl
+ u/ot s Lexp ( - /St )\(r)ro‘_ldr)G(sl_o‘z(s))ds. (2.1)

Our next goal is to show that problem (2.1) has a unique solution z. We set 2 : C?([0,T]) —
C?%([0,T)) as follows

2z(t) = exp ( — /Ot /\(s)saflds) Y1

t t
+ ,u/ s Lexp ( - / )\(r)ro‘*ldr>G(slfaz(s)>ds.
0 s
Take the zero function zp = 0. Then since the fact that G(0) = 0, we get
t
Qzo(t) = exp ( - / )\(s)so‘_lds) Y-
0
Then we get that
—0t%
e~ |220(0)] < Il
which allows us to deduce that 2z, € C?([0,T]) and

|22

Let us take any functions 2, zo € C?([0,7]). Then we get

< .
cooyy = 1!

Qzl (t) — QZQ(t)

= ,u/ot s Lexp ( - /st )\(r)ra_ldr> {G (sl_azl(s)) - G(SI_QZQ(S))}dS.

Since the fact that A\(r) > \g > 0, we know that

exp ( - /St )\(T)ro‘_ldr> < exp ( - o i Sa). (2.2)

(67

Using global Lipschitz of G, we know that

‘G’(sl_azl(s)> - G(sl_a22(5)>‘ < Ksl_a)zl(s) - 22(5)‘.
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This implies that

t* — s*

‘Qzl(t) — ng(t)‘ < Ku/texp ( - o
0

t le% «
te — s —0s®
:Ku/exp<—)\g S)egaei
0
«

(0%

S O S0 EE

Thus, we obtain that

"o

Let us treat the integral term on the right above. Indeed, we find that

/Otexp<— (A0+9)ta;sa)d5

t o g™
= / st Lexp ( — (Ao +0) i )ds
0

—0t™
e «

Dz (t) — QZQ(t)‘ < Ku(/otexp ( — (Ao +0)

«

<T@ /t s Lexp ( — (Ao + H)ta ; Sa)ds
0
=T %exp < — (Ao + 9)%) /Ot 59 Lexp ( — (Ao + 9)§)ds.

It is obvious to see that

/OtSaleXp<_(>\0+9)f)dS: exp (()\;)\;Jrg)eta) .

Hence, we find that

(67

— g%
Y gy < i
«

/texp(_()\0+9)t 1—exp<—(/\o+9)%>
0

Ao+ 0
Combining (2.3) and (2.4), we find that
-0t T/LK
| 2n ) - 220 < [ .
¢ a1(t) 2(t)] < o+ 017 Zllcoomy
Hence, we get that
TuK
PP L. TR
H =2 oo = xo + 01T 2llce oy
Let us choose 6 = 2T'|u| K, we find that
1
22 — 22| < 5| - =] .
H =2 ooy = 217 T Plceqom

co([0,1])

(2.4)

Since the above estimates, we can conclude that 2 is a contraction on the space C?([0,T]) for

0 = 2TuK. Thus, there exists a function z € C?([0, T]) which satisfies that

z(t) = exp ( - /Ot )\(s)so‘_lds)yl

+ u/ot 59 Lexp ( - /St )\(r)ro‘_ldr)G(sl_o‘z(s))ds.
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Since the appearance of z, we can choose y such that

y@zéz@w+w

The above equality claims the existence of the mild solution y. In addition, we get

H ’ c?([0,1)) ng - 20 = 0)’ c?([0,1)) + Hg(z - 0)‘ co([0,17)
= §HZ’ co((0,1]) Iyl
This implies that
2(1)] < 2" [y, (25)

Thus, we find that
001 < [ 1266V + ol < 27675l +

O]

Theorem 2.2. Let yy and y5 be two solutions of Problem (1.1) with the parameter \ and .
Then we get

o +1 o a ~
<T&M(T2w1+fﬁa)JW?+M2>W—\L lual- (26)
a oo

Hy)‘_y)‘H ala+1

L>(0,T)

Proof. Let us recall that z) be as follows
t
zx(t) = exp ( — / /\(s)sa_lds)yl
0

+ u/ot s Lexp ( - /: )\(r)ro‘_ldr)G(sl_o‘zx(s)>ds.

and
st =exp (- /0 t X(s)s*~1ds )y

+ ,u/ot s Lexp ( - /: X(r)ra_ldr)G(sl_azx(s)>ds.

From the two above equalities, we find that

2\ (t) — 2;(t) = exp ( - /Ot /\(s)sa_lds)yl — exp ( - /Ot X(s)so‘_lds>y1
+ ,u/ot s Lexp ( - /: )\(r)ro‘*ldr) (G (slfaz,\(s)> — G(slazx(s))>ds

+ ,u/ot s exp < - /St )\(r)rafldr> — exp < - /:X(T)raldrﬂ G(slfazx(s)>ds (2.7)
=(A)+ (B)+(C). (2.8)
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a

Let us consider the first term (A). Indeed, using the inequality |e=® — e~°| < |a — b| for any
a,b >0, we find that

<] [ (60 =369) 5 s
<|yl|H)\ )\HLOOOT /Ot *lds _7H)\ )\HLOO(O,T)|y1|' (2:9)

We continue to treat the second term (B). Since (2.2), we get that

t _ 1o — g®
r<B>sM/Osalexp( 20"

< Ku /Ot exp ( )\0 - )‘Z)\(S) - zx(s)‘ds. (2.10)

G(sl_o‘zA(s)) — G(sl_o‘zx(s)) ds

Finally, we treat the term (C). In view of the inequality |e=® — e™°| < |a — b| for any a,b > 0,

we obtain
t~
‘/ O‘_ldr/ )\(T)ro‘_ldr

exp(/:)\(r)ro‘_ldr) exp(/:X( o= ldr

t o —
H)\ )\H / R
L>(0,T) o
This implies that

(©)] <l AHLMT /tsal <ta )]G( 5())[ds. (2.11)

Using (2.5) and globally Lipschitz of G, we find that

H L>(0,T)

2TMKTO‘

‘G(slfazx(s))] < Ks'2(s)] < Ks' e . (2.12)

By collecting (2.11) and (2.12), we find that

2TpKT™ t o/ g
< o
1 <ue sl =3 o [ (5

TO"H 2T,u,KTO‘
i A— H . 9.13
~ ala+ 1) ‘y1|H L>(0,T) (2.13)

Combining (2.7), (2.9), (2.10) and (2.13), we deduce that

a(t) — 2 )) I( )I +1(B)| +1(0)]

MTOH_l 2T”KTG¢

(a+1)

—I—Kp/texp( )\Oto‘—s )‘zA(s)—zX(s)‘ds.

LELICR) P

HLO@(OT)“y1| +

Multiplying both sides to e’ , we obtain that

a T a To+1 KO
M |at) - 50| < ( o4 B N

Tl A T HA—XH |1
« ala+1) L>(0,T)

+Ku/ O

a |za(s) — ZX(S)’ds.
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By applying Gronwall’s inequality, we deduce that

e T | o pTot! T |\ 7O
aZA“)—zx(t)\SeW(a“““+a<a+1>e | LS

Hence, we have immediately that

a+1
Py wl . 2TpKT? 4 \

‘Z)\(t) - zx(t)’ < efnt (T

e +A A— )\H . (2.4
a ala+1) )H Lo<(0,T) ] (2.14)

Moreover, we recall the formula

yr(t) = /0 z)(s)ds + yo,

and

yx(t) = /0 z5(8)ds + yo.

Then we follow from (2.14) that

ya(t / ’z,\ z5(s) )ds

< et [ Lo ot T A T HA—NH 1]
a ala+1) Lo<(0,T)

which shows that (2.6). The proof of Theorem is completed.
O

In the following theorem, we provide a theorem which shows that the convergence of the
mild solution to problem (1.1).

Theorem 2.3. Let y, be the mild solution of problem (1.1). Let y* be the mild solution of the
following problem

y'(t) + Ay = pG(y'(t), y(0) = yo. (2.15)
Let us assume that 0 < Ao < A(t) < My. Then we get
~ 1—
Yal(t) — y*(t)‘ < C[(l —a)' 4+ (1—a)+ T =1+ Ta |y1| BT
Here 0 < p < ag and Cisa positive constant which depends on u, K, My, T, c, pg.

Proof. Let us first consider the solution of problem (2.15). Let w*(t) = (y*)'(¢). Then we get

(w*)' (&) + Aw* (t) = pG(w* (1), w(0) =1

Then we obtain

w*(t) = exp ( - /Ot )\(s)ds) Y1 + u/ot exp ( - /: )\(r)dr)G(w*(s))ds, (2.16)
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and
y*(t) = /0 w*(s)ds + yo. (2.17)

By a similar proof of Theorem 2.2, we show that problem (2.16) has a unique mild solution w*.
Our next aim is to give the upper bound for the term

alt) — 0 ()]

where
2a(t) = exp ( - /Ot )\(s)sa_lds)yl
+ ,u/Ot s Lexp ( — /: )\(r)ra_ldr)G(sl_aza(s)>ds. (2.18)

From (2.16) and (2.18), we obtain that
Zo(t) — w*(t) = [exp ( — /Ot /\(s)sa_lds) — exp ( — /Ot A(s)ds)] Y1
+ ,u/ot 59 Lexp ( - /: )\(r)ro‘_ldr) {G(sl_aza(s)) — G<w*(s)>] ds
+ ,u/ot [so‘_l exp ( - /St /\(T)ro‘_ldr> — s Lexp ( - /st A(r)dr) G(w*(s))ds
+ ,u/ot (Sa_l - 1) exp ( - /: )\(T‘)dr)G(w*(s))dS

= + S+ 5+ A

Step 1. Estimate of ] .
Let us consider the term .#]. In view of the inequality |e™
obtain that

a

— e~ < |a—b] for any a,b > 0, we

t ¢ t
‘Jifl‘ < ‘/ A(s)s®Lds / )\(s)ds‘ < Mo/ |59t — 1|ds
0 0 0
where we have used the fact that A(s) < M for 0 < s < T'. By the result [20], we obtain that

t
1—
/ s°71 = 1lds < Clag, ™™ |1 =)' + (1= @) + |7 = 1| + ==, (219)
0

where 0 < p < ag. Thus, we have immediately that

] < o[- ap 4 @) e o 20,

Here C; depends on My, i, cg, i, T

Step 2. Estimate of 5 .
It is obvious to see that

Sy = u/ot s Lexp ( - /: )\(T)ro‘_ldr) [G (sl_“za(s)> - G(sl_o‘w*(s)>]d8

+ /Ot s Lexp ( - /St )\(T)ro‘_ldr) [G (Sl_o‘w*(s)> - G(w*(s))} ds

= a1+ Ha.
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Using globally Lipschitz of G and (2.2), we get

Za(8) —w*(s)|ds

t +& g
1 < K,u/ *Lexp ( - Ao )Sl*a

S
0 [0

t
SK,M/
0

In addition, in view of (2.2), we get

2a(5) ——1u*(3)‘ds.

t & — g™

Hoo < Ku/ so‘_lexp(—)\o
0

" )]sl_o‘ - ll‘w*(s)’ds

t
< KCply| [ |- 52| ds
0

where we note that ‘w*(s)‘ < C|y1|. Thus, we use (2.19) to obtain that

1_
Q%QSKCmdemmmT““ﬁ1—®“+ﬂ—aV+W1a‘1}+ aal

Since the two above observations, we derive that

o < T + oo

< Caly1|

t
—i—Ku/
0

Here Cs depends on K, C, u, ag, i, T
Step 3. Estimate of /5 . In view of the inequality |[e™® — e~%| < |a — b| for any a,b > 0, we find

that
‘ exp ( - /St )\('r)ro‘_ldr) — exp ( - /: A(r)dr)‘ < /: M) |re™t = 1|dr

t t
< MO/ |?"°‘_1 —1]dr < Mo/ |7“°‘_1 — 1|dr.
s 0

1_
(1—a)'+(1—a)+ |71+ a“]

za(8) —w*(s)|ds.

Using (2.19), we derive that

‘ exp ( - )\(T)TaildT> — exp ( - /St )\(r)dr)‘

t

s

< My

Clao, )T [(1 = a)* + (1 — a) + [T~ 1] + = ;a] .

This implies that

3 < Csly|

o— 11—« l-—a ¢ a—1
C(ao, )T MR1—®“+u—ayﬂT —u}+ . s2~1ds
0

< Cslyi|

]__
1—a)f+(1—a)+|T 1]+ ar
(0%
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where C5 depends on u, K, My, T, a, 0.
Step 4. Estimate of J#y .
By similar techniques as above, we find that

t
|=%51|§M/
0

g04[(1—a)ﬂ+(1—a)+|:r1*a—1|+

s 1‘ ‘G(w*(s)) ‘ds

11—«

Here Cy4 depends on My, ag, i, T. By collecting the four steps as above, we deduce that

[2a(t) = w* ()] < 1AL+ 1] + 1] + 4]

<efu—ay -+ =1+ i i [ frals) o)

where C depends on u, K, My, T, a, pg. By applying Gronwall’s inequality, we claim that

Za(t) — w*(t)‘ < 5[(1 a4 (1—a)+ T 1)+ 1?70‘} [y |1,

Using (2.17) and noting that
t
Yalt) = / za(s)ds + yo
0

we know that

Combining (2.20) and (2.21), we obtain that
* ~ 1-a -« KuT
alt) (0] < C[(1 — @ + (1= ) 1T = 1] 12y 50T,

The proof is completed.

Theorem 2.4. Let y,, and y,y be two mild solutions to problem (1.1). Then we get

2T u KT

‘yu(t) - y,/(t)) B 2T%e GK”TWIHN - N/|-

Proof. Let y, and y,s be two mild solutions to problem (1.1). Then we get

yu(t) = /0 Zu(s)ds +yo, Y (t) = /0 2 (8)ds + yo.

Here two functions 2, and z,, satisfy that
t
Zu(t) = exp ( - / )\(s)so‘_lds)yl
0

+ u/ot 59 Lexp ( - /St )\(r)ro‘_ldr)G(sl_o‘zu(s)>ds,

9

(2.20)

(2.21)

(2.22)

(2.23)



On Conformable differential equation Yusuf Pandir

45

and
t
2 (t) = exp ( - / A(s)so‘_lds) Y1
0
t t
—l-/// 59 Lexp —/ Ar)ro tdr )G (s 72, (s) ) ds.
e (= [ A0 )6 )
From (2.23) and (2.24), we derive that

2u(t) = 2 (t)

t t
:,u/ st exp(—/ )\(r)rafldr>
0 s
t

+ (,u - ,u/) /Ot s Lexp ( - / )\(T)ro‘_ldr>G(sl_azﬂz(s))ds

= P + P.

Let us treat the first term 7. Using global Lipschitz property of G, we find that

’91’ < K,u/ot s st 2, (s) — zw(s))ds =Kpu /Ot ’ZM(S) - zux(s)’ds.

By similar ideas as above, we get

t
| <l [ s

2T,uKT

< 22 |y i ul/d8<2T6 Tyl — o

where we have used (2.5). Combining (2.25), (2.26) and (2.27), we derive that

2T uKT

t
[20(t) = 2 ()] < 275 | — 1) + K /0 2u(5) = 20 (5)|ds.

In view of Gronwall’s inequality, we obtain that

2T KT
’Zu(t) = Zu’(t)‘ <2Te o e My || — 4.

It follows from (2.22) that

t
Yu(t) =y (t) S/ "zu(S) ’d8<2T€ Ry — u|/ds

2T u

< 272 = KTy || — 4.
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