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Abstract

The aim of this paper is considering the initial value problem for a system of coupled nonlinear sinh-
Gordon equations by the association between two regularization methods: filter and truncation Fourier.
Firstly, we give an example to show that the problem does not satisfy the third property which is called
ill-posed in the sense of Hadamard. Secondly, under some a priori assumptions, we propose the stable
regularization methods to regularize the system, i.e. the corresponding regularized solution converge to
the exact solution in L2-norm. Finally, to illustrate the proposed efficiency in the theoretical part, we
show some numerical tests to check the convergence of the regularized solution and the regularized errors.
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1 Introduction

Let H be a Hilbert space, T be a positive number, denoting T := (0, T ) and D be an open,
bounded and connected domain in Rd, (d ≥ 1) with a smooth boundary ∂D. We consider the
problem of finding a couple of unknown functions (x1, x2) which is called sought solution of the
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system of coupled sinh-Gordon equations considered as the following form [11]:
∂2x1
∂t2

= α1
∂2x1
∂s2

+ β1 sinh(γ1x1 + δ1x2) + f1(x1, x2) + F1(s, t), (s, t) ∈ D × T ,

∂2x2
∂t2

= α2
∂2x2
∂s2

+ β2 sinh(γ2x1 + δ2x2) + f2(x1, x2) + F2(s, t), (s, t) ∈ D × T ,

(1)

where αi, βi, γi, δi are positive physical constants, the functions fi are globally Lipschitz and Fi

are giving functions which are called forcing functions for i ∈ {1, 2}. The Problem (1) under the
homogeneous Dirichlet boundary condition as follows

x1(s, t) = x2(s, t) = 0 for (s, t) ∈ ∂D × T , (2)

and associated the initial condition which is giving by
x1(s, t) = ϕ1(s) and

∂

∂t
x1(s, t) = φ1(s), (s, t) ∈ D × {0},

x2(s, t) = ϕ2(s) and
∂

∂t
x2(s, t) = φ2(s), (s, t) ∈ D × {0}.

(3)

The sine-Gordon equation is a type of nonlinear equation with partial derivatives that involves
the d’Alembert operator and the sine of an unknown function as its two variables. It applies to
one spatial and one temporal dimension. This equation was first derived by Bour (1862) for
studying curved surfaces with negative curvature in 3-dimensional space, and later by Frenkel and
Kontorova (1939) for studying how crystals have defects, which is called the Frenkel-Kontorova
model. This equation became very popular in the 1970s because it has soliton solutions, which
are special waves that do not change shape or speed.

Our main purpose in this paper consider the ill-posed problem (in the sense of Hadamard)
for this system [7]. This paper has four main sections. In Section 2, we review some basic
concepts and symbols that we need for the main result [6]. Then, in Section 3, we present our
main results, which include an example of a solution that is not well-defined. We also show
how to make the solution well-defined and how to find it by regularization ideas and iterative
strategies for ill-posed problems [8–10] and related approaches for elliptic Cauchy-type problems
[1, 12, 17]. In the last section, we give a numerical example to show how our method works in
practice [11].

We also refer to further related works on nonlinear elliptic systems and analytical tools such as
maximum principles and qualitative properties [4, 5], as well as studies on regularity/asymptotic
structures in nonlinear PDEs [3] and normalized solutions for nonlinear Schrödinger-type systems
[2]. Finally, recent contributions related to regularization, stability, and fractional/nonlocal
models can be found in [13–16].

2 Some settings and notation

We start by defining the norms of some spaces in the following way. Firstly, let ⟨·, ·⟩L 2 be the
scalar product in L 2 for all g, h ∈ L 2(D), we have

⟨f, h⟩L 2(D) =

∫
D
f(s)h(s)ds. (4)

The notation ∥ · ∥ stands for the norm in the Banach space B. Let us define the function
space (L 2(D))2 := L 2(D)× L 2(D) with the usual inner product as follows
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We use ∥ · ∥ to mean the norm in the Banach space B. We also define the function space
(L 2(D))2 := L 2(D)× L 2(D) with the usual inner product as follows

⟨V,W ⟩(L 2(D))2 = ⟨v1, w1⟩L 2(D) + ⟨v2, w2⟩L 2(D), (5)

where V = (v1, v2) and W = (w1, w2) for all v1, v2, w1, w2 ∈ L 2(D) with the norm

∥V ∥(L 2(D))2 = ∥v1∥L 2(D) + ∥v2∥L 2(D). (6)

Moreover, we denote that (L ∞([0, T ];L 2(D)))2 = L ∞([0, T ];L 2(D))× L ∞([0, T ];L 2(D)).

For v ∈ C ([0, T ];L 2(D)), let us define

∥v∥C ([0,T ];L 2(D)) = sup
0≤t≤T

∥v(·, t)∥L 2(D) .

Next, by denoting (C ([0, T ];L 2(D)))2 = C ([0, T ];L 2(D))×C ([0, T ];L 2(D)), let α be a positive
constant, we define a norm as follows

∥V ∥(C ([0,T ];L 2(D)))2 = sup
0≤t≤T

{
α

t
T
(
∥v1(t)∥L 2(D) + ∥v2(t)∥L 2(D)

)}
, (7)

for any V = (v1, v2) ∈ (C ([0, T ];L 2(D)))2 and v1, v2 ∈ C ([0, T ];L 2(D)).

Finally, to fulfill this section, we give some assumptions as follows

• Suppose that the forcing terms (F1, F2) belong to (L ∞([0, T ];L 2(D)))2 and the functions
fi are globally Lipschitz source satisfying

∥fi(U)− fi(V )∥L 2(D) ≤ Li∥U − V ∥L 2(D)×L 2(D), for i = 1, 2, (8)

where U = (x1, x2), V = (y1, y2) and Li are constants independent of x1, x2, y1, y2.
• The data X0 = (ϕ1, ϕ2), Ẋ0 = (φ1, φ2) and F̃ = (F1, F2) are noisy and are represented
by the observation data Xobs

0 = (ϕobs
1 , ϕobs

2 ), Ẋobs
0 = (φobs

1 , φobs
2 ) and F̃ obs = (F obs

1 , F obs
2 )

satisfying

∥X0 −Xobs
0 ∥(L 2(D))2 ≤ ϵ, ∥Ẋ0 − Ẋobs

0 ∥(L 2(D))2 ≤ ϵ, (9)

∥F̃ − F̃ obs∥(L ∞([0,T ];L 2(D)))2 ≤ ϵ, (10)

where ϵ is a noisy level constant which satisfies ϵ → 0+.

3 Main result

In this section, we present three results as follows. In first subsection, we show a mild solution of
the Problem (1)-(3) base on some conditions. In second subsection, we give an example to show
that the Problem (1)-(3) does not satisfy the third property of definition of ill-posed problem
which is given in the Hadamard sense. In next two subsections, we show two regularized methods
of Problem (1)-(3).

Before giving the main result, we introduce an orthonormal eigenbasis {ξp}p∈N associated
with the eigenvalue {ℓp}p∈N in L 2(D). Noting that in the system (1), the orthonormal eigenbasis
and eigenvalues will be {ξi,p}p∈N and {ℓi,p}p∈N, for i ∈ {1, 2}, respectively.

In addition, we define the following Dirichlet-Laplacian

Af := −∆f = −
d∑

n=1

∂2f

∂s2n
, and D(A) = L 2(D) ∩H1

0 (D). (11)

Then we have the following lemma.
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Lemma 3.1. There exist the orthonormal eigenbasis {ξi,p}p∈N ∈ R associated with the eigenvalue
{ℓi,p}p∈N in L 2(D) for i ∈ {1, 2} such that

• Aξi,p = ℓi,pξi,p;
• 0 < ℓi,1 ≤ ℓi,2 ≤ · · · ≤ ℓi,p ≤ . . . and lim

p→∞
ℓi,p → ∞.

• For f ∈ L 2(D), we have

f = lim
P→∞

P∑
p=1

⟨f, ξi,p⟩L 2(D)ξi,p

and for each n,m ∈ N, we obtain

⟨ξi,n, ξi,m⟩ =

{
1 if n = m,

0 if n ̸= m.

Remark 3.2. In L 2(0, π), the orthonormal eigenbasis is giving by ξp =

√
2

π
sin(ps) and the

eigenvalue can be ℓp = p2, p = 1, 2, ...

3.1 Mild solution of Problem (1)-(3)

By using the separate variable method and interpretation in a Fourier series form, we obtain the
exact solution of Problem (1) in the following theorem.

Theorem 3.3. Let (ϕ1, φ1), (ϕ2, φ2) ∈ (L (D))2 and (F1, F2) ∈ (L ∞([0, T ];L 2(D)))2, then
there exists a mild solution (x1, x2) ∈ (C ([0, T ];L 2(D)))2 which satisfying the integral equations
as follows

xi(s, t) = lim
P→∞

P∑
p=1

xi,p(·, t)ξi,p(s) = lim
P→∞

P∑
p=1

[
cosh

(
α
1/2
i ℓ

1/2
i,p t
)
⟨ϕi(·), ξi,p(·)⟩L 2(D)

+ α
1/2
i ℓ

−1/2
i,p sinh

(
α
1/2
i ℓ

1/2
i,p t
)
⟨φi(·), ξi,p(·)⟩L 2(D)

+

∫ t

0
α
1/2
i ℓ

−1/2
i,p sinh

(
ℓ
1/2
i,p (t− z)

)〈
βi sinh(γix1(·, z) + δix2(·, z))

+ fi(x1(·, z), x2(·, z)) + Fi(·, z), ξi,p(·, z)
〉

L 2(D)
dz

]
ξi,p(s) (12)

where xi,p(t) =
〈
xi(·, t), ξi,p(·)

〉
L 2(D)

stand for its Fourier coefficient for i ∈ {1, 2}.

Proof. The proof of Theorem 3.3 is divided into two steps.

Step 1. Since we have the set of eigenbases {ξi,p}i=1,2
p∈N , it is capable to present the solution of

Problem (1) by Fourier series, i.e., xi(s, t) = lim
P→∞

∑P
p=1 xi,p(·, t)ξi,p(s) := lim

P→∞

∑P
p=1 xi,p(t)ξi,p(s),

we find the Fourier coefficient xi,p. Indeed, by using the separating variables method, we trans-
form the Problem (1) into a couple of differential equation as follows

lim
P→∞

P∑
p=1

x′′1,p(t)ξ1,p = α1 lim
P→∞

P∑
p=1

ℓ21,px1,p(t)ξ1,p + lim
P→∞

P∑
p=1

R1,p(t, x1,p(t), x2,p(t))ξ1,p,

lim
P→∞

P∑
p=1

x′′2,p(t)ξ2,p = α2 lim
P→∞

P∑
p=1

ℓ22,px2,p(t)ξ2,p + lim
P→∞

P∑
p=1

R2,p(t, x1,p(t), x2,p(t))ξ2,p,
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where for i ∈ {1, 2}, we define

Ri,p(t, x1,p(t), x2,p(t))

=
〈
βi sinh(γix1(·, t) + δix2(·, t)) + fi(x1(·, t), x2(·, t)) + Fi(·, t), ξi,p(·)

〉
L 2(D)

.

Then, for t ∈ T , we have
x′′1,p(t) = α1ℓ

2
1,px1,p(t) +R1,p(t, x1,p(t), x2,p(t)),

x′′2,p(t) = α2ℓ
2
2,px2,p(t) +R2,p(t, x1,p(t), x2,p(t)).

(13)

Step 2. Solving the system (13) to find the solution (x1,p, x2,p). To do this, multiplying the

each equation of (13) to ℓ
−1/2
i,p sinh

(
ℓ
1/2
i,p (t− z)

)
, respectively, we obtain

x1,p(t) = cosh
(
α
1/2
1 ℓ

1/2
1,p t
)
⟨ϕ1(·), ξ1,p(·)⟩L 2(D)

+ α
1/2
1 ℓ

−1/2
1,p sinh

(
α
1/2
1 ℓ

1/2
1,p t
)
⟨φ1(·), ξ1,p(·)⟩L 2(D)

+

∫ t

0
α
1/2
1 ℓ

−1/2
1,p sinh

(
ℓ
1/2
1,p (t− z)

)
R1,p(t, x1,p(t), x2,p(t))dz (14)

and

x2,p(t) = cosh
(
α
1/2
2 ℓ

1/2
2,p t
)
⟨ϕ2(·), ξ2,p(·)⟩L 2(D)

+ α
1/2
2 ℓ

−1/2
2,p sinh

(
α
1/2
2 ℓ

1/2
2,p t
)
⟨φ2(·), ξ2,p(·)⟩L 2(D)

+

∫ t

0
α
1/2
2 ℓ

−1/2
2,p sinh

(
ℓ
1/2
2,p (t− z)

)
R2,p(t, x1,p(t), x2,p(t))dz. (15)

Combining (14), (15) and the interpretation through Fourier series in form

xi(s, t) = lim
P→∞

P∑
p=1

xi,p(t)ξi,p(s).

We get

x1(s, t) = lim
P→∞

P∑
p=1

[
cosh

(
α
1/2
1 ℓ

1/2
1,p t
)
⟨ϕ1(·), ξ1,p(·)⟩L 2(D)

+ α
1/2
1 ℓ

−1/2
1,p sinh

(
α
1/2
1 ℓ

1/2
1,p t
)
⟨φ1(·), ξ1,p(·)⟩L 2(D)

+

∫ t

0
α
1/2
1 ℓ

−1/2
1,p sinh

(
ℓ
1/2
1,p (t− z)

)
R1,p(t, x1,p(t), x2,p(t))dz

]
ξ1,p(s) (16)

and

x2(s, t) = lim
P→∞

P∑
p=1

[
cosh

(
α
1/2
2 ℓ

1/2
i,p t
)
⟨ϕ2(·), ξ2,p(·)⟩L 2(D)

+ α
1/2
2 ℓ

−1/2
2,p sinh

(
α
1/2
2 ℓ

1/2
2,p t
)
⟨φ2(·), ξ2,p(·)⟩L 2(D)

+

∫ t

0
α
1/2
2 ℓ

−1/2
2,p sinh

(
ℓ
1/2
2,p (t− z)

)
R2,p(t, x1,p(t), x2,p(t))dz

]
ξ2,p(s). (17)

The proof of Theorem 3.3 is completed.
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3.2 Ill-posedness of the solution of Problem (1)-(3)

As is known, when we observe the solution (41)-(42) that when p → ∞, the rapid escalation of
two items exponential in the functions sinh(x) and cosh(x) lead to the ill-posedness of Problem
(1). For a reason such as a small perturbation in the input data, it shows that a large error in
the output data. To demonstrate this, we give an example as follows.
Example. For any p ∈ N, we choose αi = γi = δi = 1, βi = 0 for i ∈ {1, 2} and the conditions
as follow

(ϕ1, φ1) := (ϕ∗
1, φ

∗
1) = (0, ℓ

−1/2
1,p ξ1,p), (18)

(ϕ2, φ2) := (ϕ∗
2, φ

∗
2) = (0, ℓ

−1/2
2,p ξ2,p), (19)

(F1, F2) := (F ∗
1 , F

∗
2 ) = (0, 0). (20)

In addition, we choose the following source functions

fi(x1, x2) := f∗
i (x1, x2) = lim

P→∞

P∑
p=1

(ℓi,1)
1/2
(〈

x1, ξi,p
〉
+
〈
x2, ξi,p

〉)
3T exp(Tℓ

1/2
i,p )

ξi,p. (21)

Then we prove that the Problem (1) with the input data (18)-(21) is ill-posed problem in the
sense of Hadamard.

Solving. To prove that the Problem (1) base on the data (18)-(21) is ill-posed problem i.e., it
does not satisfy the third property which were called ill-posed in the sense of Hadamard, we
need to do two tasks as follows.

First task. The existence and uniqueness of the solution of Problem (1).
We recall the solution of Problem (1) according to (41)-(42) and the conditions (18)-(21) which
is given by

xi(s, t) = lim
P→∞

P∑
p=1

[
ℓ
−1/2
i,p sinh

(
ℓ
1/2
i,p t
)
⟨φ∗

i (·), ξi,p(·)⟩L 2(D)

+

∫ t

0
ℓ
−1/2
i,p sinh

(
ℓ
1/2
i,p (t− z)

)〈
R∗

i (x1(·, z), x2(·, z)), ξi,p(·, z)
〉

L 2(D)
dz

]
ξi,p(s). (22)

Let X = (x1, x2) ∈ (C ([0, T ];L 2(D)))2 which are satisfy (22). We define the operators U(X)(t)
and V (X)(t) as follows

U(X)(t) = lim
P→∞

P∑
p=1

[
ℓ
−1/2
1,p sinh

(
ℓ
1/2
1,p t
)
φ∗
1,p(t)

+

∫ t

0
ℓ
−1/2
1,p sinh

(
ℓ
1/2
1,p (t− z)

)
f∗
1,p(X(z))dz

]
ξ1,p. (23)

V (X)(t) = lim
P→∞

P∑
p=1

[
ℓ
−1/2
2,p sinh

(
ℓ
1/2
2,p t
)
φ∗
2,p(t)

+

∫ t

0
ℓ
−1/2
2,p sinh

(
ℓ
1/2
2,p (t− z)

)
f∗
2,p(X(z))dz

]
ξ2,p. (24)
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Then we get

∥U(X)(t)− U(Y )(t)∥L 2(D)

≤
∫ t

0

∥∥∥∥∥ lim
P→∞

P∑
p=1

ℓ
−1/2
1,p sinh

(
ℓ
1/2
1,p (t− z)

)〈
f∗
1 (X(z))− f∗

1 (Y (z)), ξ1,p

〉
L 2(D)

∥∥∥∥∥dz
≤
∫ t

0

 lim
P→∞

P∑
p=1

ℓ−1
1,p sinh

2
(
ℓ
1/2
1,p (t− z)

)〈
f∗
1 (X(z))− f∗

1 (Y (z)), ξ1,p

〉2
L 2(D)

1/2

dz. (25)

Using the inequality sinh2
(
ℓ
1/2
1,p (t− z)

)
≤ exp

(
2ℓ

1/2
1,p (t− z)

)
≤ exp

(
2ℓ

1/2
1,p T

)
for 0 < t < z < T ,

one has

∥U(X)(t)− U(Y )(t)∥L 2(D)

≤
∫ t

0

 lim
P→∞

P∑
p=1

ℓ−1
1,p exp

(
2ℓ

1/2
1,p T

)〈
f∗
1 (X(z))− f∗

1 (Y (z)), ξ1,p

〉2
L 2(D)

1/2

dz. (26)

Applying (21), we obtain

∥U(X)(t)− U(Y )(t)∥L 2(D)

≤
∫ t

0

 lim
P→∞

P∑
p=1

ℓ−1
1,p sinh

2
(
ℓ
1/2
1,p (t− z)

) ℓ1,p
〈
X(z)− Y (z), ξ1,p

〉2
9T 2 exp(2Tℓ

1/2
1,p )

1/2

dz

=

∫ t

0

∥X(z)− Y (z)∥(L 2(D))2

3T
dz ≤ ∥X − Y ∥(C ([0,T ];L 2(D)))2

∫ t

0

1

3T
dz

≤ 1

3
∥X − Y ∥(C ([0,T ];L 2(D)))2 , for all t ≤ T. (27)

By similar approach above, we also obtain

∥V (X)(t)− V (Y )(t)∥L 2(D) ≤
1

3
∥X − Y ∥(C ([0,T ];L 2(D)))2 , for all t ≤ T. (28)

Next, we define an operator W(X)(t) =
(
U(X)(t), V (X)(t)

)
and combining (27) and (28), we

have

∥W(X)(t)−W(Y )(t)∥(L 2(D))2 = ∥U(X)(t)− U(Y )(t)∥L 2(D) + ∥V (X)(t)− V (Y )(t)∥L 2(D)

≤ 2

3
∥X − Y ∥(C ([0,T ];L 2(D)))2 . (29)

It leads to estimate as follows

∥W(X)−W(Y )∥(C ([0,T ];L 2(D)))2 ≤ 2

3
∥X − Y ∥(C ([0,T ];L 2(D)))2 . (30)

Since the estimation (30), we conclude that W is a contraction mapping. Applying the Banach
fixed point theorem, then we obtain that W(X) = X has a unique solution X ∈ C ([0, T ];L 2(D)).

Second task. The instability of the solution (22). By using the inequality ∥a + b∥H ≥
∥a∥H − ∥b∥H, we obtain

The instability of the solution of the system (13). By using the inequality ∥c + d∥H ≥
∥c∥H − ∥d∥H, we have

∥uj(t)∥H ≥ ∥P(t)χ1,j∥H −
∥∥∥∫ t

0
Q(t− s)F0(uj(s), vj(s))ds

∥∥∥
H
. (31)
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It holds∥∥∥∫ t

0
Q(t− s)F0(uj(s), vj(s))ds

∥∥∥2
H
≤ t

∫ t

0

∥∥∥Q(t− s)F0(uj(s), vj(s))
∥∥∥2
H
ds

= t

∫ t

0

∞∑
n=1

∣∣∣sinh (√λn(t− s)
)

√
λn

∣∣∣2〈 F0(uj(s), vj(s)), Φn

〉2
Hds

≤ T

∫ t

0

∞∑
n=1

λ1e
2(t−s−T )

√
λn

16T 2λn

(
⟨uj(s), Φn⟩H +

〈
vj(s), Φn

〉
H

)2

ds

≤ 1

8T

∫ t

0

(
∥uj(s)∥2H + ∥vj(s)∥2H

)
ds

≤ 1

8

(
∥uj∥2C([0,T ];H) + ∥vj∥2C([0,T ];H)

)
. (32)

Combining (31), (32) and using the inequality 2(c− d)2 ≥ c2 − 2d2, for any real numbers c, d,
we obtain

2∥uj(t)∥2H ≥ 2

(
∥P(t)χ1,j∥H −

∥∥∥∫ t

0
Q(t− s)F0(uj(s), vj(s))ds

∥∥∥
H

)2

≥ ∥P(t)χ1,j∥2H − 2
∥∥∥∫ t

0
Q(t− s)F0(uj(s), vj(s))ds

∥∥∥2
H

≥
cosh2

(√
λjt
)

λ2
j

− 1

4

(
∥uj∥2C([0,T ];H) + ∥vj∥2C([0,T ];H)

)
.

This impplies that

2 sup
0≤t≤T

∥uj(t)∥2H +
1

4

(
∥uj∥2C([0,T ];H) + ∥vj∥2C([0,T ];H)

)
≥ sup

0≤t≤T

cosh2
(√

λjt
)

λ2
j

≥ e2T
√

λj

λ2
j

·

Hence ,

2∥uj∥2C([0,T ];H) +
1

4

(
∥uj∥2C([0,T ];H) + ∥vj∥2C([0,T ];H)

)
≥ e2T

√
λj

λ2
j

· (33)

By a similar way, we also show that

2∥vj∥2C([0,T ];H) +
1

4

(
∥uj∥2C([0,T ];H) + ∥vj∥2C([0,T ];H)

)
≥ e2T

√
λ̃j

λ̃2
j

· (34)

This follows from (33) and (34) that

∥uj∥2C([0,T ];H) + ∥vj∥2C([0,T ];H) ≥
2

5

e2T√λj

λ2
j

+
e2T

√
λ̃j

λ̃2
j

 ·

As j → +∞, we see that

∥χ1,j∥H + ∥χ2,j∥H → 0, ∥uj∥C([0,T ];H) + ∥vj∥C([0,T ];H) → +∞.

Therefore, the problem (1) does not have a well-defined solution in most cases, according to
Hadamard’s definition.
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4 Some illustrated numerical examples and discussion

In this section, we consider some examples of illustrating the theory given in section 1. Here, we
choose some input data. In order words, we focus on the case one-dimensional space for d = 1.
At the beginning, let T = 1, we recall the problem to find the solution x = (x1, x2) satisfies the
nonlinear parabolic equation as follows

∂2x1
∂t2

= α1
∂2x1
∂s2

+ β1 sinh(γ1x1 + δ1x2) + f1(x1, x2) + F1(s, t), (s, t) ∈ D × T ,

∂2x2
∂t2

= α2
∂2x2
∂s2

+ β2 sinh(γ2x1 + δ2x2) + f2(x1, x2) + F2(s, t), (s, t) ∈ D × T ,

(35)

where the domain D = (0, π). Next, we look at some examples for the two cases that we
discussed before. We use Python software on a Windows 10 laptop with an Intel(R) Core(TM)
i7-11370H CPU@3.30GHz, 8GB RAM and a NVIDIA GeForce RTX 3050Ti GPU with 4GB
memory to run the simulations in serial, where CPU times (in seconds) are estimated by Python
Calculate Runtime in library import time and command code

start = time.time(), end = time.time().

Next, we present the results in the following sub-sections.

We test the problem (35) with (s, t) ∈ (0, π)× (0, 1). In L 2(0, π), the orthonormal eigenbasis

is giving by ξp =

√
2

π
sin(ps) and the eigenvalue can be ℓp = p2, p = 1, 2, ... Then we have the

problem
∂2x1
∂t2

= α1
∂2x1
∂s2

+ β1 sinh(γ1x1 + δ1x2) + f1(x1, x2) + F1(s, t), (s, t) ∈ (0, π)× (0, 1),

∂2x2
∂t2

= α2
∂2x2
∂s2

+ β2 sinh(γ2x1 + δ2x2) + f2(x1, x2) + F2(s, t), (s, t) ∈ (0, π)× (0, 1),

(36)

and associated the initial condition which is giving by
x1(s, t) = ϕ1(s) and

∂

∂t
x1(s, t) = φ1(s), (s, t) ∈ D × {0},

x2(s, t) = ϕ2(s) and
∂

∂t
x2(s, t) = φ2(s), (s, t) ∈ D × {0},

(37)

where we suppose that the measurements are described as follows

ϕobs
1 = ϕ1 + ”noise”, ϕobs

2 = ϕ2 + ”noise”, (38)

and

φobs
1 = φ1 + ”noise”, φobs

2 = φ2 + ”noise”. (39)

Next, we choose the input data as follows
f1(x1, x2) = f2(x1, x2) = x1(s, t)x2(s, t), (s, t) ∈ (0, π)× (0, 1),

F1(s, t) = (4− 2t)e−t2 sinh(x1) sinh(2x2), (s, t) ∈ (0, π)× (0, 1),

F2(s, t) = et
2
sinh(x1) sinh(2x2), (s, t) ∈ (0, π)× (0, 1).

(40)
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The behavior of the input functions and their noise are shown in Figure 1, respectively. Here we
use N (0, 1) is function numpy.random.randn(·) in Python software and the Brownian motion Ψ
is presented.

The following regularized solution which is given by

x1(s, t) = lim
P→∞

P∑
p=1

[
cosh

(
α
1/2
1 ℓ

1/2
1,p t
)
⟨ϕ1(·), ξ1,p(·)⟩L 2(D)

+ α
1/2
1 ℓ

−1/2
1,p sinh

(
α
1/2
1 ℓ

1/2
1,p t
)
⟨φ1(·), ξ1,p(·)⟩L 2(D)

+

∫ t

0
α
1/2
1 ℓ

−1/2
1,p sinh

(
ℓ
1/2
1,p (t− z)

)
R1,p(t, x1,p(t), x2,p(t))dz

]
ξ1,p(s) (41)

and

x2(s, t) = lim
P→∞

P∑
p=1

[
cosh

(
α
1/2
2 ℓ

1/2
i,p t
)
⟨ϕ2(·), ξ2,p(·)⟩L 2(D)

+ α
1/2
2 ℓ

−1/2
2,p sinh

(
α
1/2
2 ℓ

1/2
2,p t
)
⟨φ2(·), ξ2,p(·)⟩L 2(D)

+

∫ t

0
α
1/2
2 ℓ

−1/2
2,p sinh

(
ℓ
1/2
2,p (t− z)

)
R2,p(t, x1,p(t), x2,p(t))dz

]
ξ2,p(s). (42)

We have the matrix form of the regularized solution as follows

Û =


ûN
(
x
{1}
1 , x

{1}
2 , t

)
ûN
(
x
{1}
1 , x

{2}
2 , t

)
· · · ûN

(
x
{1}
1 , x

{Nx2}
2 , t

)
ûN
(
x
{2}
1 , x

{1}
2 , t1

)
ûN
(
x
{2}
1 , x

{2}
2 , t

)
· · · ûN

(
x
{2}
1 , x

{Nx2}
2 , t

)
...

...
...

...

ûN
(
x
{Nx1}
1 , x

{1}
2 , t

)
ûN
(
x
{Nx1}
1 , x

{2}
2 , t

)
· · · ûN

(
x
{Nx1}
1 , x

{Nx2}
2 , t

)


Nx1×Nx2

,

where Nx1 and Nx2 are the partition of spaces.

We present the absolute root mean square errors (errabs) between the exact and approximate
solutions as follow

errabs(t) =

 1

n1n2

∑
i=1,n1

∑
j=1,n2

(
ûN
(
x
{i}
1 , x

{j}
2 , t

)
− u

(
x
{i}
1 , x

{j}
2 , t

))21/2

.

Let the N is a cut-off constants, equal to the greatest integer number less than or equal to
α0

T (2α0 + d/2)
log (n1n2) for n1, n2 ∈ {103, 105, 107}

The results of this section are presented in Tables and Figures. For detail, in 1D case, the
input data are given by Figure 1, the graphs of solutions are given in Figure 1 at t ∈ {0.1, 0.5, 0.9}
and Figure 1 for 3D-graph of the solution. Furthermore, to make it easier to compare the exact
and regular solutions, we present the error in Table 1. Similar simulation for 2D space case in
Figure 1 and Table 1. From these observations, we conclude that the larger n mostly leads to
the better approximation. From the observed data above, we can conclude that the proposed
method is effective and stable. To make a easy comparison, we show the exact and regularized
solutions in Figure 1.
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errabs n1 = n2 = 103, N = 2 n1 = n2 = 105, N = 3 n1 = n2 = 107, N = 5

Time CPU (seconds): 320 Time CPU (seconds): 455 Time CPU (seconds): 607

errabs(0.1) 2.34665383e-01 1.84868768e-01 5.07467431e-02

errabs(0.3) 4.58432336e-01 1.46894333e-01 8.35688997e-02

errabs(0.5) 3.70542990e-01 3.13578545e-01 2.56785300e-01

errabs(0.7) 3.45661075e-01 2.64328299e-01 1.02457006e-01

errabs(0.9) 7.67975080e-01 5.39633675e-01 3.47537672e-02

Table 1: The absolute root mean square errors between the exact and approximate solutions on 2D
space case
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(b) Regularized solution n1
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(d) Exact solution
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(g) Exact solution
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(h) Regularized solution for n3
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Figure 1: Graphs of the solutions and error at t = 0.1 for n1, n2 and n3 on 2D case
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