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Abstract

In this paper, we investigate the backward problem for the heat equation equipped with the time fractional
conformable derivative. This problem is a generalization of the classical heat equation. We consider the
problem with a nonlinear source function in a bounded domain. This problem is shown to be ill-posed,
so we regularize the solution by the Fourier truncated method and we estimate the error term in the
L?(D) space. An example to illustrate the theory is given in the final section.
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1 Introduction

Various derivatives arise in problems in engineering, economics, physics, etc., for example in the
study of the anomalous diffusion process in physics [26, 28], problems related to heat propagation
[14, 23], problems in biological engineering [16, 24|, problems with partial differential equations
in image processing [7], signal processing [25], control theory [10, 31], and uncertainty models
with random walks [17, 18]; see also [2—4, 13, 20-22, 27, 30, 34, 37—40] and the references therein.
The time fractional conformable derivative [1, 6, 21] with order « € (0, 1), denoted by %, is
defined as:
o f(t+6t7) = f(t)

i 10 = i T a1
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for all ¢ > 0. If we consider (0,%),t > 0 and lim)Htar %f(t) exists, then %f(to) =
lHm, |+ 222 f(¢).

t—td ot

This type of derivative has applications in quantum mechanics [5], the authors in [19] used
the conformable Fourier series to express the solution of the conformable fractional heat equation,
problems in Newtonian mechanics were investigated with a conformable derivative in [12], and
in [11] the authors obtained the stochastic solution by running the processes corresponding to
conformable Cauchy problems with nonlinear deterministic clocks; for more applications of the

conformable derivative we refer the reader to [9]-[29].
There are also many papers on partial differential equations with different types of derivatives

[8, 15, 32]. In this paper we will consider the conformable derivative and the heat equation,
namely:

‘Kaa ‘Kaa

%w(:n,t) + (= A) w(z,t) — b%Aw(:ﬁ,t) = F(w(z,t)), xeD, te(0,T),
w(z,t) =0, x € dD,t e (0,T), (1.2)
w(z,T) = g(x), z €D.

Here D C RY (N > 1) is a bounded domain with the smooth boundary 9D, and T > 0.

In this work, we focus on studying the well-posedness and the regularization process. In
Hadamard’s sense, a problem is well-posed if it satisfies three conditions, where the third
condition is ”continuous dependence of the solution on the given data”. For partial differential
equation problems, this third condition is frequently not satisfied which results in an ill-posed
problem. Therefore, in order for the obtained solution to depend continuously on the observed
data, we need to modify the problem to a class of other well-posed problems. This technique is
called the regularization method and we refer the reader to [33, 36, 41, 42] and the references
therein. The regularization method mentioned above all estimate the convergence rate between
the exact solution and the regularized solution based on the principle of choosing a priori or a
posteriori parameter. To our best of our knowledge, most of the previous studies evaluated the
error term mainly in the L?(D) space. In this article, we obtain results for regularized problems
in LY(D) for q # 2. The evaluation in L4(D) spaces for ¢ # 2 is quite difficult and to achieve
this we use some embeddings between L(D) and the Hilbert scales space X"(D).

The paper is organized as follows. Section 2 gives some preliminaries to be used later. In
section 3, we derive the formula of the mild solution to (1.2), and show that (1.2) is ill-posed in
Hadamard’s sense. Section 4 considers the error estimation and solution regularization. The
last section presents some numerical examples to demonstrate the obtained results.

2 Preliminary results

Definition 2.1. Let us consider the operator (— A)” on H§(Q2) N H2(), and assume that the
operator (— A)S has the eigenvalues A, such that 0 < A\ < Ay < --- < A\, < ... which approach
o0 as n goes to 0o, and e,(x) is the orthonormal basis in L?(D). For all s > 0, we define by
(—A)® the operator
o
(—A)v:= Z(v, en) ) en.
n=1

The Hilbert scale space is

x0(0) = {1  12(D), iw( [ 1@entaian)” < oo,
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for any r > 0. Now X" (D) is a Hilbert space with norm:

wf(nZlW | f@entaic) >1/2,f€XT( D). (2.1)

Lemma 2.2. (See [35]) The following are true:

171

N 2N
LYD X*(D f - — < >
(D) =XMD), i - <p=0 e
N 2N (22)
XH(D LYD), i < = < :
(D)= LUD), if  O0<p<—, S

3 Inverse initial problem (1.2)
The mild solution of (1.2) is obtained by the Fourier series w(x,t) an )en(z), with

wp(t) = /w(x,t)en(x)dx. We have

D
%aa %aa
5 (w(.,t), en) + b)\na?hu(.,t), en) — Ao(w(,t), ey = (F(t),en), te(0,7T), (3.1)
<w( 30)’ 6n> - <’LU0, en>
Thus
‘5804
an(t) — A5 (1 + b))t (t) = (14 bA,) "L Fy(t), where F,(t) = /F(w,t)en(az)dm. (3.2)

D

Based on [37], we have

(w(.,t), en) = exp (= A5 (1 + b)) %~ /wo x)en(x d,a:
D

+(1+ b/\n)_1 /Ot p texp (AS(L4bAp) Tt (u* —t*) a7 ) F(p)dp.  (3.3)

Letting t = T, it follows from (3.3) that

</g(x)en(x)dx> = exp ( — A1+ b)\n)_lTO‘a_l) </w0(x)en(ac)dx)

D D

T
+(1+bA,)7H /0 p® texp <)\5 (L4bA,) (0™ — to‘)a_1>Fn(u)du. (3.4)

From (3.4), we get

( / wo(z)en(z)de) = <exp(— /\Z(1+b)\n)1T°‘a_l)>_1 [( / () en()d)

D D

T
—(L+ b))t /0 p® texp (NS (14 bA,) M (p® —t%)a ) Fn(,u)du} . (3.5)
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Substituting (3.5) into (3.4) and we obtain

(w(.,t), en) = exp ()\f;(l +bAn) (T - to‘)a_l> (/g(m)en(x)da:>
D

T
—(T4+ b))t /uo‘_l exp (AZ(l + b)\n)fl (™ — to‘)a_1>Fn(u)du. (3.6)

This leads to

400
t) = Z exp ()\fl(l + b)\n)_l (T — t“)a_l) (/g(x)en(x)dz') en ()

n=1 D
T
—Z 1+0b\,) /u exp )\s 1+0bA\,)" ( —ta)afl)Fn(u)d/L)en(:c). (3.7)

From (3.7), we have

x,t) = +§ exp ()\fl(l + b)\n)_l (T — to‘)a_l) (/g(x)en(m)dx) en(x)
n=1

D

T
72 (1+0bAy) /,u exp )\S (L+0bN\,)~ ( fto‘)oz_l)Fn(w(,u))du) en(x). (3.8)

3.1 The ill-posedness of problem (1.2)

For any k € N*, where N* is the set of non-negative natural numbers. Let g and F(w) be

g(z) == N, P en(a),

3 L+ bh) w(x)eg(x)dr )eg(x). (8.9)
;%FT exp(lﬁis&k?)t/ (z) e (z)d ) k(@)

let w satisfy the integral equation

x,t) = f exp ()\fL(l + b/\n)f1 (T - ta)cfl) (/g(m)en(x)dx) en ()
= D
T
- Z (14 0b\p) /u eXp )\8 14+ bA,)" ( - to‘)a_l)Fn(w(u))d,u) en(x).
) t (3.10)

For w € L>(0,T; L2(D)), let

R(w)(z,t) = Jrimexp ()\ (1+0b\n)" 1(Ta - to‘)oz_l) (/g(x)en(:v)dx) en ()

n=1 D

T
—Z 14+ bM\,) /u exp )\s 1+ bA,) —ta)aq)Fn(w(u))du)en(a:).
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Then for any wy,wy € L>(0,T; L?(D)), using Holder’s inequality, we obtain

[R(w1)(-,t R(w2)( B)lI72 o)
s—1 et a—l
1+b)\ ‘/ exp /\ b~ ( t ) )

< ([ (P - ) en o)) duf
D

I
M s

<ire 2 </t “a_ld”/t po " exp (207107 (1 — 0 = T%)a™)
X (/ ((w1)(p) = (W)(u))en(x)dx)du)

D

T
o o
/t 1w (s 1) = wa (1) 2oyt < 47" lwr = wll e o pigooyy - (3:11)

<
T 4T

This implies that
IR (w1) = R(w2) || oo 0.1 12 ¢y < 27 w1 = wall oo o 12y -

Hence R is a contraction. We conclude that R(w) = w has a unique solution w € L*> (O, T;L? (D))
from Banach’s contraction theorem. From (3.10), we observe that

lw(, )l p2py =

3 (exp (AS(1 4 bA,) L (T —ta)al)/g(x)en(:c)d:z:)en(x)
n=1

5 L*(D)
Ri(x,t)
o0 T
Z (14+0X) (/t p® Lexp (A (1 + b)) "t — to‘)ofl) (/F(x, u,w(w,,u))en(x)d:v)du
= D
R;(;,t)

(3.12)

1
From g(z) = A, * e (2) for any k € N* and note that [[eg|[2(py = 1, we have

IRl Dl i exp (A(1+0An) H(T® — t%)a™) (/g(ac)en(x)df»‘2)é
" D

=

Mg

(2
< exp (A5 (1 +bA) 1T — t%)a™) (/)\;;%ek(x)en(x)dxMz)Q

D

exp (AL(L+bAe) THT = t%)a ™) [lel r2p)

'V
“"“ I

Ao
=\, eXp (AL (L4 bAg) T = t*)a ) - (3.13)
By an argument similar to (3.11), we have

IR2u(, ) L2y < 27" [l poo o 22 - (3.14)
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Combining (3.12)-(3.14), yields

S — (67 o — 1
a8l p2epy = A exp (A (L 4+ bAR)~HT® = %) 1)‘5”“”L°°(0,T;L2(D))’

which implies that
2 -3 — [0} « — o] o —
lull oo (0,722 (m)) = S[upT]f/\kz exp (A (1 +bAp) M (T — tY)a 1 (T — t)a ™). (3.15)
teo,
We also have

sup exp (AF(1+bAp) H(T* —t*)a ™) = exp (/\Z_lbflTaofl) . (3.16)
te[0,T

Consequently, (3.15) becomes

-

AL 2 exp (AT Tt (3.17)

Wl N

lu(s M pooo,152(0)) =

Then, by letting k& — 0o, one has
1
. _ . _5 _
o5 9l o) = Jinm " =0,
but

hm lull oo 0,722 (D)) = 3 khrgo A% exp ()\Z—lb—lTaa—l) = 00.

Therefore, problem (1.2) is ill-posed in the Hadamard sense in L>™ (0, T; L? (D))

4 Regularization of the nonlinear pseudo-parabolic equation on L%(D) spaces

For any N, > 0, a regularized solution UNer (z,¢) is
Ner

UM (2,1) Zexp ()\5 (1+06M,) I(TO‘ — ta)of1> (/ge(x)en(x)dx) en()
D

Nir A
=Yoo ([ e (301 a7 = )0 Y F T ) o). (41
n=1

t

Theorem 4.1. Assume that u € L™ (0,T;X%t(D)) for any a >0 and 0 < n < %, and there
exists a constant M > 0 such that

o9 1
2
M = ess sup(Z A2 exp (2t%a AT |(u(t), en>‘2) , (4.2)
0<t<T \ 2}
where ny > n, the noisy data g € LY(D) is such that

l9e = 9llpaipy S 1<a<2, (4.3)

and Ny is chosen such that for any t > 0

Ng—2N

hm/\/tr = 00, hm(M Y174 exp ((N’t,,)s_lb_lTaoz_l)e =0. (4.4)

Then H(Z(~,t) - u(-,t)HLszJ\L](D) is of order

max { (Vo) ™, (War) "™, (Vo)™ exp (M) 07 7207 e} (4.5)
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1
b(1 — s—1 1
Remark 4.2. By choosing N, = ( £—1T€)> [log(e_l)] s=1_for 8 € (0,1), this implies that
HUg(-,t) — U(',t)HLN2_I\£n ) is of order
b(1 - p) T [b(1—pB) =OTh(1 - B) n— N2
_ ) _ B B B ,
max { [ iTa log(e )] ; [ ——T7a log(e )] : [ TTa log(e )} € }

Proof. The triangle inequality gives
T 1) — u(s D)l oy < |Te(-,t) — T, u( 8)| ooy + 0 8) = Tag, uCo )] oy (4:6)
From (3.8), and let

Pi(T—-t)f = f: exp <)\fl(1 + b)) N (T — ta)ofl) (/f(:c)en(a;)d:c> en(x).

n=1

n=1

D
Po(T — t)f = iu b)) Lexp (A;u ) YT — ta)ofl) (/f(x)en(x)dx) en(x). (4.7)
D

We can rewrite (4.1) as:

T
T ult) = Pr(T ~ x5, — [ 1Pl = )T, Flu(u))dp (4.8)
t
From (4.8), we have
U.(t) — Tas,u(t) =P1(T — )T, (g — 9)
[ a0 [T FE0) ~ T Pl e (09
This implies that
126) = w®)] ooy < IPLT = T, (e — )2y + I 8) = T w8 oy

e [Pt [T F(020) ~ T, PCati)] ],

=11 +1Io+ I3. (410)

For 1 < g < 2, using the Sobolev embedding in Lemma 2.2, we get

T = ||PUT = t)Tas, (9e = 9) || 2y
_ Ng—2N

< W)™ exp (V) 0TI = 107! lge — gl e

(D)
Ng—2N

< Ci(N,mC(N,q)(Nir) ™ %0 exp (Ner)* 01T =t ) llge — gllpapy-  (4.11)

To = |Ju(t) = T, u(t)|

L2(D)

1
= ( Z exp (—2taa71/\fflbfl) A, 2™ exp (Qtaafl)‘fflbil) )\fﬁoKu(t), 6j>‘2> 2
An >N

< (M) ™ exp ( — ! (./\/tr)sflb*l)./\/l, (4.12)
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using A\, o < (J\@T)_Qno for A\, > Ny and recalling

ol

M = esssupg<;<r (Z )\,2]70 exp (2t°‘0¢_1)\f1_1b_1) ‘<u(t), €n> }2) .

n=1
A similar argument yields
Ty = [Pa(p — )T (F(T)) ~ F 1) o
< (14 bN3) Hexp (Nip)* 17 (u® = )oY || F(Ue(p)) — Fu(m)|| 2 p)
<(1+ bMT)_l Lpexp ((N;ﬁr)s_lb_ (n* = a)a—l) HﬁG(N) - U(#)HLz(D)
< (L4 bNy) ™! Ca(Nom) L exp (N )* 107 (1 = t%)a ™) [[Ue(p) = w(p) | oy -
We also find that
I3 < (1+bNir) ' C3(N,n)Lp
T ~
></t o exp (o) 107 (1 = t)a™ ) [Ue () — w(p) | o oy -
Combining (4.10), (4.11), (4.12), and (4.15), we get
Hﬁe(~,t) t)HLQ(D) < Hﬁe("t) - T/\/’tru(‘at)HLQ(D) + ||U(,t) - TMTU(.7t)||L2(D)
< CLN,mC(N, ) (Nor) ™ exp (NG)* 07 (T — %))
+ (M) 7™ exp(—t%a (NG,) M

T ~
(14 BN TGN [ e expl (N7 = )07 [0) = )

Nir )~

From Gronwall’s inequality, multiplying by e'a o on both sides, we get

t (./\ftr s—1p— 1HU u("t)HLQ(D)

< (N, )Ca(N, q)(A@T)‘Nq?fN exp (W)™ 071%™ e+ (Noy) ™ M
T
+ (14 bN) ! Cs(Nﬂ?)LF/ p " exp (W) 107 ) [ Ue(pn) = w(o) | 2 oy e
t
Thus

9.0 gy 50 LS
qg—2N

< [N, YNy exp (i) I + (M) ™ M)

2N

In view of the Sobolev embedding X"7(D) < L~-4 (D), we have that

T t) —ult)|| an < C4(N,)||U(-,t)

LN—17 (D) t)HXW(D)'

Oclest) = Tl 8| ) = T, e, ) oy -

So

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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Now, the first term S; is estimated by

51§<

Note 0 < n < ng and Sy can be bounded as

A’VL SMT

> A7257(/ (ﬁe(fvat)—U(x,t))en(fc)dx)Q)g < W) [T, 8) = )] o gy (4:20)
n=1 D

-

2 —a
Sy = ( Z A;Qa)\iakinKu(t)a €n>’2> < (Mr) ||u||L°°(O,T;Xa+”('D))' (421)
An >N

Combining (4.19) to (4.21), we conclude that

0=l

< (V) [T, ) = (-, 1)

‘Xﬂ(p) = C4(Na 77) (Mr)_ ||u||L°°(0,T;Xa+77(D))

b AN, p) e W) 707 (1bNe) T (Co (N ) Lip (T ~)a~ )

__ Ng—2N

X[Cl(N,n)Cz(N,q)(j\/}r)” 10 exp (M) 1071 T e+ (M) M| . (4.22)

O

5 Simulation

In this section, we present some examples illustrating the theoretical part that we gave above.
We recall the problem with some selected input data as follows

%”811 Caa

—w(z,t) — Aw(z,t) — T

5 Aw(z,t) = F(z, t,w(z,t)), (x,t) € (0,7) x (0,1), (5.1)

with the following Dirichlet boundary condition
w(0,t) = w(m,t) =0, te(0,1), (5.2)
adding the final value condition
w(z,1) =g(x), z¢€(0,m), (5.3)

where we choose the constants T'=1, s =1, b =1 and « € (0,1). Next, we set up some tools to
support the calculation as follows.
Part 1. We approximate an integral by the composite Simpson rule as follows.

M/2

/(.l”_1 g(s) ds =~ % Z |:g(52m2) + 4g(52m71) + g(SQm) ’ (54)

m=1

where s,, = a; + mAT form =1, ....M — 1, M and A1 = Qi1 = i
Part 2. A uniform grid of mesh points (z,,%) is employed to discretize the space and time
intervals

(m—1)m E—1
- =1,2,..M+1, t, = ——
M , M 3 Ly eeey + 1, % N

Ty =

k=1,2,..,N+1. (5.5)
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(e} a=0.1 a=0.5 a=0.9
REL() PEL(t) | RES() PEL() | REa(t) PEa(t)
t=02,e=1x10"" 36.37 1.44 % 76.35 2.6 % 18.5 0.79 %
t=02¢=3x10"2 25.07 0.99 % 52.92 1.81 % 12.75 0.55 %
t=02,e=5x10"3 12.97 0.51 % 27.54 0.94 % 6.59 0.28 %
Table 1: The table error for o € {0.1,0.5,0.9}, ¢ € {1 x 1071,3 x 1072,5 x 1073} and ¢t = 0.2.

The solution u(z,t) can be presented in matrix form as follows

Ui Uy - Uint
Us 1 U -+ UsNi1
. . . . )
Unt1n Unti2 - UniiN+1] 1w ven)

where the elements U, , are given by

N
2
Upnp = wW( T, tg) = \/; g U, (t) sin(na,,)
n=1

sin(zy,)
2 sin(2z,)
=\t Get) - On) [ x| T (5.6)
sin(N )
where N is a parameter truncation,
Un(tx) = exp (Ai(l + b)\n)fl(l - tk“)a_l> (/g(s)en(s)ds)
0
1 7r
—(1+b\,) 7! /,ual exp ()\;3(1 +bAn) " (0 — tko‘)aﬂ) (/F(s,,u, w(s, u))en(s)d5> du
Lk 0
(5.7)
Part 3. The relative error estimation RE], and percent error estimation are PEY,
M+1 M+1
RES(t) = Y |ual(wit) — u (i, )|, PES(t) = RES () / Y ua(x,-,t)‘ x100.  (5.8)
i=1 1=1

In this example, we choose the input data
F(z,t,w) = w? — [16(t2‘" + ) + 3dat® + (1 + 2at?* + aQ)} sin(4x), (x,t) € (0,m) x (0,1),

g(x) = (1 + a)sin(4x), z € (0,m).
(5.9)

Let N =10, M = N = 100, and we have the following result

Tables 1,2, 3 and Figure 1, we see that the numerical result is showing the convergent
estimate of the relative error estimation REf, and percent error estimation PEf, between the
solutions. In this example, we consider three cases of € such as € € {1 x 1071,3 x 1072,5 x 1073}
at t € {0.2,0.4,0.6}. In Figure 1, we also show the 3D-graph of the solutions u on the domain
(x,t) € [0,7] x [0,1] .
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(e} a=0.1 a=20.5 a=209
REZ(t) PEL(t) | REL(t) PEi(l) | REL(t) PEa()
t=04,e=1x10"" 44.13 1.5 % 19.6 0.72 % 8.25 0.32 %
t=04,e=3x10"7 30.64 1.04 % 13.59 0.50 % 5.77 0.22 %
t=04,e=5x10"3 15.97 0.54 % 7.07 0.26 % 3.02 0.12 %

Table 2: The table error for o € {0.1,0.5,0.9}, ¢ € {1 x 1071,3 x 1072,5 x 1073} and ¢t = 0.4.

(e} a=0.1 a=20.5 a=0.9
RES(t) PEL(t) | RES(t) PES(t) | RES(t) PEL(1)
t=06e=1x10" 9.65 0.35 % 2.1 0.08 % 2.39 0.09 %
t=0.6,e=3x10"2 7.01 0.26 % 1.15 0.04 % 4.92 0.18 %
t=0.6e=5x10"3 3.81 0.14 % 0.44 0.02 % 2.39 0.09 %

Table 3: The table error for a € {0.1,0.5,0.9}, e € {1 x 107,3 x 1072,5 x 1073} and ¢ = 0.6

N
20 7Y

w

Error RE
-~ Error RES
-~ Error RES

The errors
~

The solutions
)

1.5 2.0

x€l0,1]

1.5 2.0

x€[o,n]

Figure 1: An example figure

6 Conclusion

In this work, by applying the Fourier series truncation method, we introduced the regularized
solution, and presented the error between the regularized solution and the exact solution derived

in the space L?(D). We illustrated this with appropriate examples.
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