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Abstract

In this paper, we investigate the backward problem for the heat equation equipped with the time fractional
conformable derivative. This problem is a generalization of the classical heat equation. We consider the
problem with a nonlinear source function in a bounded domain. This problem is shown to be ill-posed,
so we regularize the solution by the Fourier truncated method and we estimate the error term in the
Lp(D) space. An example to illustrate the theory is given in the final section.

Keywords: Conformable derivative, Fourier truncation method, regularization.

MSC (2020): 35A05, 35A08

Article history: Received 05 March 2023; Accepted 05 May 2023; Online 09 May 2023

1 Introduction

Various derivatives arise in problems in engineering, economics, physics, etc., for example in the
study of the anomalous diffusion process in physics [26, 28], problems related to heat propagation
[14, 23], problems in biological engineering [16, 24], problems with partial differential equations
in image processing [7], signal processing [25], control theory [10, 31], and uncertainty models
with random walks [17, 18]; see also [2–4, 13, 20–22, 27, 30, 34, 37–40] and the references therein.

The time fractional conformable derivative [1, 6, 21] with order α ∈ (0, 1), denoted by
C∂α

∂tα , is
defined as:

C∂α

∂tα
f(t) = lim

δ→0

f
(
t+ δt1−α

)
− f(t)

δ
, (1.1)
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for all t > 0. If we consider
(
0, t0

)
, t0 > 0 and limt→t+0

C∂α

∂tα f(t) exists, then
C∂α

∂tα f (t0) =

limt→t+0

C∂α

∂tα f(t).

This type of derivative has applications in quantum mechanics [5], the authors in [19] used
the conformable Fourier series to express the solution of the conformable fractional heat equation,
problems in Newtonian mechanics were investigated with a conformable derivative in [12], and
in [11] the authors obtained the stochastic solution by running the processes corresponding to
conformable Cauchy problems with nonlinear deterministic clocks; for more applications of the
conformable derivative we refer the reader to [9]–[29].

There are also many papers on partial differential equations with different types of derivatives
[8, 15, 32]. In this paper we will consider the conformable derivative and the heat equation,
namely:

C∂α

∂tα
w(x, t) +

(
−∆

)s
w(x, t)− b

C∂α

∂tα
∆w(x, t) = F (w(x, t)), x ∈ D, t ∈ (0, T ),

w(x, t) = 0, x ∈ ∂D, t ∈ (0, T ),

w(x, T ) = g(x), x ∈ D.

(1.2)

Here D ⊂ RN (N ≥ 1) is a bounded domain with the smooth boundary ∂D, and T > 0.

In this work, we focus on studying the well-posedness and the regularization process. In
Hadamard’s sense, a problem is well-posed if it satisfies three conditions, where the third
condition is ”continuous dependence of the solution on the given data”. For partial differential
equation problems, this third condition is frequently not satisfied which results in an ill-posed
problem. Therefore, in order for the obtained solution to depend continuously on the observed
data, we need to modify the problem to a class of other well-posed problems. This technique is
called the regularization method and we refer the reader to [33, 36, 41, 42] and the references
therein. The regularization method mentioned above all estimate the convergence rate between
the exact solution and the regularized solution based on the principle of choosing a priori or a
posteriori parameter. To our best of our knowledge, most of the previous studies evaluated the
error term mainly in the L2(D) space. In this article, we obtain results for regularized problems
in Lq(D) for q ≠ 2. The evaluation in Lq(D) spaces for q ≠ 2 is quite difficult and to achieve
this we use some embeddings between Lq(D) and the Hilbert scales space Xr(D).

The paper is organized as follows. Section 2 gives some preliminaries to be used later. In
section 3, we derive the formula of the mild solution to (1.2), and show that (1.2) is ill-posed in
Hadamard’s sense. Section 4 considers the error estimation and solution regularization. The
last section presents some numerical examples to demonstrate the obtained results.

2 Preliminary results

Definition 2.1. Let us consider the operator
(
−∆

)s
on H1

0(Ω) ∩H2(Ω), and assume that the
operator

(
−∆

)s
has the eigenvalues λn such that 0 < λ1 ≤ λ2 ≤ · · · ≤ λn ≤ . . . which approach

∞ as n goes to ∞, and en(x) is the orthonormal basis in L2(D). For all s ≥ 0, we define by
(−∆)s the operator (

−∆
)s
v :=

∞∑
n=1

⟨v, en⟩λs
nen.

The Hilbert scale space is

Xr(D) =

{
f ∈ L2(D),

∞∑
n=1

λ2r
n

(∫
D
f(x)en(x)dx

)2
< ∞

}
,
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for any r ≥ 0. Now Xr
(
D
)
is a Hilbert space with norm:

∥∥f∥∥Xr(D)
=

( ∞∑
n=1

λ2r
n

(∫
D
f(x)en(x)dx

)2)1/2

, f ∈ Xr(D). (2.1)

Lemma 2.2. (See [35]) The following are true:

Lq(D) ↪→ Xµ(D), if − N

4
< µ ≤ 0, q ≥ 2N

N − 4µ
,

Xµ(D) ↪→ Lq(D), if 0 ≤ µ <
N

4
, q ≤ 2N

N − 4µ
·

 (2.2)

3 Inverse initial problem (1.2)

The mild solution of (1.2) is obtained by the Fourier series w(x, t) =

∞∑
n=1

wn(t)en(x), with

wn(t) =

∫
D

w(x, t)en(x)dx. We have


C∂α

∂tα
⟨w(., t), en⟩+ bλn

C∂α

∂tα
⟨w(., t), en⟩ − λs

n⟨w(., t), en⟩ = ⟨F (·, t), en⟩, t ∈ (0, T ),

⟨w(., 0), en⟩ = ⟨w0, en⟩.
(3.1)

Thus

C∂α

∂tα
wn(t)− λs

n(1 + bλn)
−1wn(t) = (1 + bλn)

−1Fn(t), where Fn(t) =

∫
D

F (x, t)en(x)dx. (3.2)

Based on [37], we have

⟨w(., t), en⟩ = exp
(
− λs

n(1 + bλn)
−1tαα−1

)( ∫
D

w0(x)en(x)dx
)

+
(
1 + bλn

)−1
∫ t

0
µα−1 exp

(
λs
n(1 + bλn)

−1 (µα − tα)α−1
)
Fn(µ)dµ. (3.3)

Letting t = T , it follows from (3.3) that(∫
D

g(x)en(x)dx
)
= exp

(
− λs

n(1 + bλn)
−1Tαα−1

)(∫
D

w0(x)en(x)dx
)

+ (1 + bλn)
−1

∫ T

0
µα−1 exp

(
λs
n(1 + bλn)

−1
(
µα − tα

)
α−1

)
Fn(µ)dµ. (3.4)

From (3.4), we get

(∫
D

w0(x)en(x)dx
)
=

(
exp

(
− λs

n

(
1 + bλn

)−1
Tαα−1

))−1[(∫
D

g(x)en(x)dx
)

− (1 + bλn)
−1

∫ T

0
µα−1 exp

(
λs
n(1 + bλn)

−1
(
µα − tα

)
α−1

)
Fn(µ)dµ

]
. (3.5)
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Substituting (3.5) into (3.4) and we obtain

⟨w(., t), en⟩ = exp
(
λs
n(1 + bλn)

−1
(
Tα − tα

)
α−1

)(∫
D

g(x)en(x)dx
)

− (1 + bλn)
−1

T∫
t

µα−1 exp
(
λs
n

(
1 + bλn

)−1(
µα − tα

)
α−1

)
Fn(µ)dµ. (3.6)

This leads to

w(x, t) =
+∞∑
n=1

exp
(
λs
n

(
1 + bλn

)−1(
Tα − tα

)
α−1

)(∫
D

g(x)en(x)dx
)
en(x)

−
+∞∑
n=1

(1 + bλn)
−1
( T∫

t

µα−1 exp
(
λs
n(1 + bλn)

−1
(
µα − tα

)
α−1

)
Fn(µ)dµ

)
en(x). (3.7)

From (3.7), we have

w(x, t) =
+∞∑
n=1

exp
(
λs
n

(
1 + bλn

)−1(
Tα − tα

)
α−1

)(∫
D

g(x)en(x)dx
)
en(x)

−
+∞∑
n=1

(1 + bλn)
−1
( T∫

t

µα−1 exp
(
λs
n(1 + bλn)

−1
(
µα − tα

)
α−1

)
Fn(w(µ))dµ

)
en(x). (3.8)

3.1 The ill-posedness of problem (1.2)

For any k ∈ N∗, where N∗ is the set of non-negative natural numbers. Let g and F (w) be
g(x) := λ

−1/2
k ek(x),

F (w) :=

∞∑
k=1

α(1 + bλk)

2CFTα exp
(

λs
k

1+bλk

Tα

α

)(∫
D

w(x)ek(x)dx
)
ek(x).

(3.9)

let w satisfy the integral equation

w(x, t) =
+∞∑
n=1

exp
(
λs
n

(
1 + bλn

)−1(
Tα − tα

)
α−1

)(∫
D

g(x)en(x)dx
)
en(x)

−
+∞∑
n=1

(1 + bλn)
−1
( T∫

t

µα−1 exp
(
λs
n(1 + bλn)

−1
(
µα − tα

)
α−1

)
Fn(w(µ))dµ

)
en(x).

(3.10)

For w ∈ L∞(0, T ;L2(D)), let

R(w)(x, t) =

+∞∑
n=1

exp
(
λs
n

(
1 + bλn

)−1(
Tα − tα

)
α−1

)(∫
D

g(x)en(x)dx
)
en(x)

−
+∞∑
n=1

(1 + bλn)
−1
( T∫

t

µα−1 exp
(
λs
n(1 + bλn)

−1
(
µα − tα

)
α−1

)
Fn(w(µ))dµ

)
en(x).
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Then for any w1, w2 ∈ L∞(0, T ;L2(D)), using Hölder’s inequality, we obtain

∥R(w1)(·, t)−R(w2)(·, t)∥2L2(D)

=

∞∑
n=1

1(
1 + bλn

)2 ∣∣∣ ∫ T

t
µα−1 exp

(
λs−1
n b−1

(
µα − tα

)
α−1

)
×
(∫

D

(
F (w1)(µ)− F (w2)(µ)

)
en(x)dx

)
dµ
∣∣∣2

≤ α

4Tα

∞∑
n=1

(∫ T

t
µα−1dµ

∫ T

t
µα−1 exp

(
2λs−1

n b−1
(
µα − tα − Tα

)
α−1

)
×
(∫

D

(
(w1)(µ)− (w2)(µ)

)
en(x)dx

)
dµ

)

≤ α

4Tα

∫ T

t
µα−1∥w1(·, µ)− w2(·, µ)∥2L2(D)dµ ≤ 4−1 ∥w1 − w2∥2L∞(0,T ;L2(D)) . (3.11)

This implies that

∥R(w1)−R(w2)∥L∞(0,T ;L2(D)) ≤ 2−1 ∥w1 − w2∥L∞(0,T ;L2(D)) .

HenceR is a contraction. We conclude thatR(w) = w has a unique solution w ∈ L∞(0, T ;L2(D)
)

from Banach’s contraction theorem. From (3.10), we observe that

∥w(·, t)∥L2(D) ≥
∥∥∥∥ ∞∑
n=1

(
exp

(
λs
n(1 + bλn)

−1(Tα − tα)α−1
) ∫
D

g(x)en(x)dx
)
en(x)

︸ ︷︷ ︸
R1(x,t)

∥∥∥∥
L2(D)

−

∥∥∥∥∥
∞∑
n=1

(1 + bλn)
−1

∫ T

t
µα−1 exp

(
λs
n(1 + bλn)

−1(µα − tα)α−1
) ( ∫

D

F (x, µ,w(x, µ))en(x)dx
)
dµ

 en(x)

︸ ︷︷ ︸
R2(x,t)

∥∥∥∥∥
L2(D)

.

(3.12)

From g(x) = λ
− 1

2
k ek(x) for any k ∈ N∗ and note that ∥ek∥L2(D) = 1, we have

∥R1(·, t)∥L2(D) =

( ∞∑
n=1

∣∣∣ exp (λs
n(1 + bλn)

−1(Tα − tα)α−1
) ( ∫

D

g(x)en(x)dx
)∣∣∣2) 1

2

=

( ∞∑
n=1

∣∣∣ exp (λs
n(1 + bλn)

−1(Tα − tα)α−1
) ( ∫

D

λ
− 1

2
k ek(x)en(x)dx

)∣∣∣2) 1
2

≥ λ
− 1

2
k exp

(
λs
k(1 + bλk)

−1(Tα − tα)α−1
)
∥ek∥L2(D)

= λ
− 1

2
k exp

(
λs
k(1 + bλk)

−1(Tα − tα)α−1
)
· (3.13)

By an argument similar to (3.11), we have

∥R2u(·, t)∥L2(D) ≤ 2−1 ∥u∥L∞(0,T ;L2(D)) . (3.14)
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Combining (3.12)-(3.14), yields

∥u(·, t)∥L2(D) ≥ λ
− 1

2
k exp

(
λs
k(1 + bλk)

−1(Tα − tα)α−1
)
− 1

2
∥u∥L∞(0,T ;L2(D)) ,

which implies that

∥u∥L∞(0,T ;L2(D)) ≥ sup
t∈[0,T ]

2

3
λ
− 1

2
k exp

(
λs
k(1 + bλk)

−1(Tα − tα)α−1(Tα − tα)α−1
)
. (3.15)

We also have

sup
t∈[0,T ]

exp
(
λs
k(1 + bλk)

−1(Tα − tα)α−1
)
= exp

(
λs−1
k b−1Tαα−1

)
. (3.16)

Consequently, (3.15) becomes

∥u(·, .)∥L∞(0,T ;L2(D)) ≥
2

3
λ
− 1

2
k exp

(
λs−1
k b−1Tαα−1

)
· (3.17)

Then, by letting k → ∞, one has

lim
k→∞

∥g∥L2(D) = lim
k→∞

λ
− 1

2
k = 0,

but

lim
k→∞

∥u∥L∞(0,T ;L2(D)) ≥
2

3
lim
k→∞

λ
− 1

2
k exp

(
λs−1
k b−1Tαα−1

)
= ∞.

Therefore, problem (1.2) is ill-posed in the Hadamard sense in L∞ (0, T ;L2(D)
)
.

4 Regularization of the nonlinear pseudo-parabolic equation on Lq(D) spaces

For any Ntr > 0, a regularized solution ŨNtr
ϵ (x, t) is:

ŨNtr
ϵ (x, t) =

Ntr∑
n=1

exp
(
λs
n

(
1 + bλn

)−1(
Tα − tα

)
α−1

)(∫
D

gϵ(x)en(x)dx
)
en(x)

−
Ntr∑
n=1

(1 + bλn)
−1

( T∫
t

µα−1 exp
(
λs
n(1 + bλn)

−1
(
µα − tα

)
α−1

)
Fn(W̃

Ntr
ε (·, µ))dµ

)
en(x). (4.1)

Theorem 4.1. Assume that u ∈ L∞ (0, T ;Xa+η(D)) for any a > 0 and 0 < η < N
4 , and there

exists a constant M > 0 such that

M = ess sup
0≤t≤T

( ∞∑
n=1

λ2η0
n exp

(
2tαα−1λs−1

n b−1
) ∣∣〈u(t), en〉∣∣2) 1

2

, (4.2)

where η0 > η, the noisy data gϵ ∈ Lq(D) is such that∥∥gϵ − g
∥∥
Lq(D)

≤ ϵ, 1 < q < 2, (4.3)

and Ntr is chosen such that for any t > 0

lim
ϵ→0

Ntr = ∞, lim
ϵ→0

(Ntr)
η−Nq−2N

4q exp
(
(Ntr)

s−1b−1Tαα−1
)
ϵ = 0. (4.4)

Then
∥∥Ũϵ(·, t)− u(·, t)

∥∥
L

2N
N−4η (D)

is of order

max
{
(Ntr)

−a , (Ntr)
η−η0 , (Ntr)

η−Nq−2N
4q exp

(
(Ntr)

s−1b−1Tαα−1
)
ϵ
}
. (4.5)
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Remark 4.2. By choosing Ntr =

(
b(1− β)

α−1Tα

) 1
s−1 [

log(ϵ−1)
] 1
s−1 , for β ∈ (0, 1), this implies that∥∥Ũϵ(·, t)− u(·, t)

∥∥
L

2N
N−4η (D)

is of order

max

{[
b(1− β)

α−1Tα
log(ε−1)

]− a
s−1

,

[
b(1− β)

α−1Tα
log(ε−1)

] η−η0
s−1

,

[
b(1− β)

α−1Tα
log(ε−1)

]η−Nq−2N
4q

ϵβ

}
.

Proof. The triangle inequality gives∥∥Ũϵ(·, t)− u(·, t)
∥∥
L2(D)

≤
∥∥Ũϵ(·, t)− TNtru(·, t)

∥∥
L2(D)

+
∥∥u(·, t)− TNtru(·, t)

∥∥
L2(D)

. (4.6)

From (3.8), and let

P1(T − t)f =

∞∑
n=1

exp
(
λs
n(1 + bλn)

−1(Tα − tα)α−1
)(∫

D

f(x)en(x)dx
)
en(x).

P2(T − t)f =
∞∑
n=1

(1 + bλn)
−1 exp

(
λs
n(1 + bλn)

−1(Tα − tα)α−1
)(∫

D

f(x)en(x)dx
)
en(x). (4.7)

We can rewrite (4.1) as:

TNtru(t) = P1(T − t)TNtrg −
T∫
t

µα−1P2(µ− t)TNtrF (u(µ))dµ. (4.8)

From (4.8), we have

Ũε(t)− TNtru(t) =P1(T − t)TNtr (gϵ − g)

−
∫ T

t
µα−1P2(µ− t)

[
TNtrF (Ũϵ(µ))− TNtrF (u(µ))

]
dµ. (4.9)

This implies that∥∥Ũε(t)− u(t)
∥∥
L2(D)

≤ ∥P1(T − t)TNtr (gε − g)∥L2(D) + ∥u(·, t)− TNtru(·, t)∥L2(D)

+
∥∥∥∫ T

t
µα−1P2(µ− t)

[
TNtrF

(
Ũε(µ)

)
− TNtrF (u(µ))

]
dµ
∥∥∥
L2(D)

= I1 + I2 + I3. (4.10)

For 1 < q < 2, using the Sobolev embedding in Lemma 2.2, we get

I1 =
∥∥P1(T − t)TNtr (gϵ − g)

∥∥
L2(D)

≤ (Ntr)
−Nq−2N

4q exp
(
(Ntr)

s−1b−1(Tα − tα)α−1
) ∥∥gϵ − g

∥∥
X

Nq−2N
4q (D)

≤ C1(N, η)C2(N, q)(Ntr)
−Nq−2N

4q exp
(
(Ntr)

s−1b−1(Tα − tα)α−1
)
∥gϵ − g∥Lq(D). (4.11)

Next,

I2 =
∥∥∥u(t)− TNtru(t)

∥∥∥
L2(D)

=

( ∑
λn>Ntr

exp
(
−2tαα−1λs−1

n b−1
)
λ−2η0
n exp

(
2tαα−1λs−1

n b−1
)
λ2η0
n

∣∣〈u(t), ej〉∣∣2) 1
2

≤ (Ntr)
−η0 exp

(
− tαα−1

(
Ntr

)s−1
b−1
)
M, (4.12)
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using λ−2η0
n ≤ (Ntr)

−2η0 for λn > Ntr and recalling

M = esssup0≤t≤T

( ∞∑
n=1

λ2η0
n exp

(
2tαα−1λs−1

n b−1
) ∣∣〈u(t), en〉∣∣2) 1

2
. (4.13)

A similar argument yields

I3 =
∥∥P2(µ− t)TNtr(F (Ũϵ(µ))− F (u(µ)))

∥∥
X0(D)

≤ (1 + bNtr)
−1 exp

(
(Ntr)

s−1b−1(µα − tα)α−1
)∥∥F (Ũϵ(µ))− F (u(µ))

∥∥
L2(D)

≤ (1 + bNtr)
−1 LF exp

(
(Ntr)

s−1b−1(µα − tα)α−1
)∥∥Ũϵ(µ)− u(µ)

∥∥
L2(D)

≤ (1 + bNtr)
−1 C3(N, η)LF exp

(
(Ntr)

s−1b−1(µα − tα)α−1
)∥∥Ũϵ(µ)− u(µ)

∥∥
L2(D)

. (4.14)

We also find that

I3 ≤ (1 + bNtr)
−1 C3(N, η)LF

×
∫ T

t
µα−1 exp

(
(Ntr)

s−1b−1(µα − tα)α−1
)∥∥Ũϵ(µ)− u(µ)

∥∥
L2(D)

dµ. (4.15)

Combining (4.10), (4.11), (4.12), and (4.15), we get∥∥Ũϵ(·, t)− u(·, t)
∥∥
L2(D)

≤
∥∥Ũϵ(·, t)− TNtru(·, t)

∥∥
L2(D)

+ ∥u(·, t)− TNtru(·, t)∥L2(D)

≤ C1(N, η)C2(N, q)(Ntr)
−Nq−2N

4q exp
(
(Ntr)

s−1b−1
(
Tα − tα

)
α−1

)
ϵ

+ (Ntr)
−η0 exp(−tαα−1

(
Ntr

)s−1
b−1)M

+ (1 + bNtr)
−1C3(N, η)LF

∫ T

t
µα−1 exp((Ntr)

s−1b−1(µα − tα)α−1)
∥∥Ũϵ(µ)− u(µ)

∥∥
L2(D)

dµ.

From Gronwall’s inequality, multiplying by e
tα

α
(Ntr)s−1b−1

on both sides, we get

e
tα

α
(Ntr)s−1b−1∥∥Ũϵ(·, t)− u(·, t)

∥∥
L2(D)

≤ C1(N, η)C2(N, q)(Ntr)
−Nq−2N

4q exp
(
(Ntr)

s−1b−1Tαα−1
)
ϵ+ (Ntr)

−η0 M

+ (1 + bNtr)
−1 C3(N, η)LF

∫ T

t
µα−1 exp

(
(Ntr)

s−1b−1µαα−1
)∥∥Ũϵ(µ)− u(µ)

∥∥
L2(D)

dµ. (4.16)

Thus ∥∥Ũϵ(·, t)− u(·, t)
∥∥
L2(D)

≤ e−
tα

α
(Ntr)s−1b−1

e(1+bNtr)−1(C3(N,η)LF (Tα−tα)α−1)

×
[
C1(N, η)C2(N, q)(Ntr)

−Nq−2N
4q exp

(
(Ntr)

s−1b−1Tαα−1
)
ϵ+ (Ntr)

−η0 M
]
. (4.17)

In view of the Sobolev embedding Xη(D) ↪→ L
2N

N−4η (D), we have that∥∥Ũϵ(·, t)− u(·, t)
∥∥
L

2N
N−4η (D)

≤ C4(N, η)
∥∥Ũϵ(·, t)− u(·, t)

∥∥
Xη(D)

. (4.18)

Also∥∥Ũϵ(·, t)− u(·, t)
∥∥
Xη(D)

≤
∥∥∥Ũϵ(·, t)− TNtru(·, t)

∥∥∥
Xη(D)︸ ︷︷ ︸

S1

+ ∥u(·, t)− TNtru(·, t)∥Xη(D)︸ ︷︷ ︸
S2

. (4.19)
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Now, the first term S1 is estimated by

S1 ≤
( λn≤Ntr∑

n=1

λ2η
n

( ∫
D

(
Ũϵ(x, t)− u(x, t)

)
en(x)dx

)2) 1
2

≤ (Ntr)
η
∥∥Ũϵ(·, t)− u(·, t)

∥∥
L2(D)

. (4.20)

Note 0 < η < η0 and S2 can be bounded as

S2 =

( ∑
λn>Ntr

λ−2a
n λ2a

n λ2η
n

∣∣〈u(t), en〉∣∣2) 1
2

≤
(
Ntr

)−a∥u∥L∞(0,T ;Xa+η(D)). (4.21)

Combining (4.19) to (4.21), we conclude that∥∥Ũϵ(·, t)− u(·, t)
∥∥
L

2N
N−4η (D)

≤ C4(N, η)
∥∥∥Ũϵ(·, t)− u(·, t)

∥∥∥
Xη(D)

≤ C4(N, η)
(
Ntr

)−a∥u∥L∞(0,T ;Xa+η(D))

+ C4(N, η) e−
tα

α
(Ntr)s−1b−1

e(1+bNtr)−1(C3(N,η)LF (Tα−tα)α−1)

×
[
C1(N, η)C2(N, q)(Ntr)

η−Nq−2N
4q exp

(
(Ntr)

s−1b−1Tαα−1
)
ϵ+ (Ntr)

η−η0 M
]
. (4.22)

5 Simulation

In this section, we present some examples illustrating the theoretical part that we gave above.
We recall the problem with some selected input data as follows

C∂α

∂tα
w(x, t)−∆w(x, t)−

C∂α

∂tα
∆w(x, t) = F (x, t, w(x, t)), (x, t) ∈ (0, π)× (0, 1), (5.1)

with the following Dirichlet boundary condition

w(0, t) = w(π, t) = 0, t ∈ (0, 1), (5.2)

adding the final value condition

w(x, 1) = g(x), x ∈ (0, π), (5.3)

where we choose the constants T = 1, s = 1, b = 1 and α ∈ (0, 1). Next, we set up some tools to
support the calculation as follows.
Part 1. We approximate an integral by the composite Simpson rule as follows.

∫ ai+1

ai

G(s) ds ≈ ∆τ

3

M/2∑
m=1

[
G(s2m−2) + 4G(s2m−1) + G(s2m)

]
, (5.4)

where sm = ai +m∆τ for m = 1, ... ,M − 1,M and ∆τ =
ai+1 − ai

M
·

Part 2. A uniform grid of mesh points (xm, tk) is employed to discretize the space and time
intervals

xm =
(m− 1)π

M
, m = 1, 2, ...,M + 1, tk =

k − 1

N
, k = 1, 2, ..., N + 1. (5.5)
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{t, ε}
α = 0.1 α = 0.5 α = 0.9

REϵ
α(t) PEϵ

α(t) REϵ
α(t) PEϵ

α(t) REϵ
α(t) PEϵ

α(t)

t = 0.2, ε = 1× 10−1 36.37 1.44 % 76.35 2.6 % 18.5 0.79 %

t = 0.2, ε = 3× 10−2 25.07 0.99 % 52.92 1.81 % 12.75 0.55 %

t = 0.2, ε = 5× 10−3 12.97 0.51 % 27.54 0.94 % 6.59 0.28 %

Table 1: The table error for α ∈ {0.1, 0.5, 0.9}, ε ∈ {1× 10−1, 3× 10−2, 5× 10−3} and t = 0.2.

The solution u(x, t) can be presented in matrix form as follows
U1,1 U1,2 · · · U1,N+1

U2,1 U2,2 · · · U2,N+1
...

...
...

...
UM+1,1 UM+1,2 · · · UM+1,N+1


(M+1)×(N+1)

,

where the elements Um,n are given by

Um,n := u(xm, tk) =

√
2

π

N∑
n=1

Un(tk) sin(nxm)

=

√
2

π

[
U1(tk) U2(tk) · · · UN (tk)

]
×


sin(xm)
sin(2xm)

...
sin(Nxm)

 , (5.6)

where N is a parameter truncation,

Un(tk) = exp
(
λs
n

(
1 + bλn

)−1(
1− tk

α
)
α−1

)( π∫
0

g(s)en(s)ds
)

− (1 + bλn)
−1

 1∫
tk

µα−1 exp
(
λs
n(1 + bλn)

−1
(
µα − tk

α
)
α−1

)( π∫
0

F (s, µ, w(s, µ))en(s)ds

)
dµ

 .

(5.7)

Part 3. The relative error estimation REε
α and percent error estimation are PEε

α

REϵ
α(t) =

M+1∑
i=1

∣∣∣uα(xi, t)− uϵα(xi, t)
∣∣∣, PEϵ

α(t) = REα′
α (t)

/
M+1∑
i=1

∣∣∣uα(xi, t)∣∣∣× 100. (5.8)

In this example, we choose the input data F (x, t, w) = w2 −
[
16(t2α + α) + 34αtα + (t4α + 2αt2α + α2)

]
sin(4x), (x, t) ∈ (0, π)× (0, 1),

g(x) = (1 + α) sin(4x), x ∈ (0, π).

(5.9)

Let N = 10,M = N = 100, and we have the following result

Tables 1,2, 3 and Figure 1, we see that the numerical result is showing the convergent
estimate of the relative error estimation REϵ

α and percent error estimation PEϵ
α between the

solutions. In this example, we consider three cases of ϵ such as ϵ ∈ {1× 10−1, 3× 10−2, 5× 10−3}
at t ∈ {0.2, 0.4, 0.6}. In Figure 1, we also show the 3D-graph of the solutions u on the domain
(x, t) ∈ [0, π]× [0, 1] .
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{t, ε}
α = 0.1 α = 0.5 α = 0.9

REε
α(t) PEε

α(t) REε
α(t) PEε

α(t) REε
α(t) PEε

α(t)

t = 0.4, ε = 1× 10−1 44.13 1.5 % 19.6 0.72 % 8.25 0.32 %

t = 0.4, ε = 3× 10−2 30.64 1.04 % 13.59 0.50 % 5.77 0.22 %

t = 0.4, ε = 5× 10−3 15.97 0.54 % 7.07 0.26 % 3.02 0.12 %

Table 2: The table error for α ∈ {0.1, 0.5, 0.9}, ε ∈ {1× 10−1, 3× 10−2, 5× 10−3} and t = 0.4.

{t, ε}
α = 0.1 α = 0.5 α = 0.9

REϵ
α(t) PEϵ

α(t) REϵ
α(t) PEϵ

α(t) REϵ
α(t) PEϵ

α(t)

t = 0.6, ε = 1× 10−1 9.65 0.35 % 2.1 0.08 % 2.39 0.09 %

t = 0.6, ε = 3× 10−2 7.01 0.26 % 1.15 0.04 % 4.92 0.18 %

t = 0.6, ε = 5× 10−3 3.81 0.14 % 0.44 0.02 % 2.39 0.09 %

Table 3: The table error for α ∈ {0.1, 0.5, 0.9}, ε ∈ {1× 10−1, 3× 10−2, 5× 10−3} and t = 0.6.
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Figure 1: An example figure

6 Conclusion

In this work, by applying the Fourier series truncation method, we introduced the regularized
solution, and presented the error between the regularized solution and the exact solution derived
in the space Lq(D). We illustrated this with appropriate examples.
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