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1 Introduction

In this paper, let Ω ⊂ RN , we consider a composite fractional relaxation equation with time
fractional derivative

∂tθ(x, t) + ∂β
t Aθ(x, t) + θ(x, t) = G(x, t), x ∈ D, t ∈ (0, T ], (1.1)

where ∂β
t is the Caputo’s fractional derivative of order 0 < β < 1. The operator A stands for the

unbounded symmetric and uniformly elliptic operator with domain H1
0(D) ∩H2(D) defined by

Aθ(x, t) = −
N∑
i=1

∂

∂xi

( N∑
j=1

aij(x)
∂

∂xj
θ(x, t)

)
+ b(x)θ(x, t), (1.2)
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where aij = aji, i, j = 1, 2, . . . , N , and there exists a constant µ > 0 such that

N∑
i,j=1

aij(x)ξiξj ≥ µ
N∑
i=1

ξ2i , x ∈ Ω̄, ξi ∈ RN , (1.3)

aij ∈ C1(D), b ∈ C(D), b(x) ≥ 0 for all x ∈ D. Equation (1.1) satisfying the following
terminal/boundary value conditions:

θ(x, t) = 0, x ∈ ∂D, t ∈ (0, T ], θ(x, T ) = f(x), x ∈ D, (1.4)

where f is the terminal value status, G is a linear function, and T is a backward finite time
which ensures that some situation of phenomena can be measured at point.∥∥fϵ − f

∥∥
L2(D)

+
∥∥Gϵ − G

∥∥
L1(0,T ;L2(D))

≤ ϵ, (1.5)

where ϵ > 0 is the noise level. Composite fractional relaxation equations find applications across
various fields due to their ability to model complex, memory-dependent, and non-local processes.
In viscoelastic materials, these equations describe stress-strain relationships that exhibit memory
effects, as detailed in [14]. They are also used in the study of dielectric and magnetic materials to
model complex permittivity and permeability, with foundational work [7]. In biological systems,
fractional relaxation equations help analyze the viscoelastic properties of tissues and diffusion
processes[12]. For anomalous diffusion, which is characteristic of many porous media and
financial markets [15]. These equations improve control systems by incorporating memory and
hereditary properties[16]. In geophysics, they model seismic wave propagation in heterogeneous
materials [4]. Signal processing applications, which require the analysis of signals with long-range
dependence[10]. In electrochemical systems, these models are used to understand battery cycles
and corrosion phenomena [2]. Heat transfer in materials with memory effects is another area
of application [17]. Finally, in economics and finance, fractional relaxation equations describe
market dynamics and financial time series with long-term dependencies [18]. These diverse
applications highlight the broad utility of composite fractional relaxation equations in modeling
complex systems.
The fractional relaxation equation in (1.1)-(1.4) with order 1

2 is associated with the Basset
problem, which is a well-known problem in fluid dynamics. The Basset problem involves the
acceleration of a particle in a viscous fluid under the influence of gravity [13]. The well-posedness
os this kind problem was studied by Ashyralyev [1]. Karczewska et al investigated the existence
of mild, weak, and strong solutions of this stochastic equation [8]. On Banach spaces Lizama et
al introduced the existence, maximal regularity, and Lp integrability of the solutions of this type
of problem [11]. The direct and backward problem for a general fractional relaxation equation
were studied by Bazhlekova in [3]. Azhar Ali Zafar used fractional operators with and without
singular kernels and special functions to consider a composite fractional relaxation differential
equation [21]. Fan et al obtained approximate controllability for semilinear composite fractional
relaxation equations [5]. As far as we know, there has been relatively little research on inverse
problem for composite fractional relaxation equations. In this work, we introduce two methods
to regularize the backward problem for such equations.
This paper is organized as follows. In Section 2 gives some preliminaries that are needed
throughout the paper. In Section 3, we show the sought solution of problem (1.1)-(1.4), and an
example describes the mismatch of the problem and the intercept of the source function in space
L2(D). Section 4, we present Landweber method. Finally, we introduce Iterative regularization
method method to solve the problem (1.1)-(1.4) and show the convergent rate under a priori
parameter choice rule.
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2 Preliminaries and the mild solution

Since A is a symmetric uniformly elliptic operator, it generates the following spectral problem

Aem(x) = λmem(x), x ∈ D; em(x) = 0, x ∈ ∂D,m ∈ N, (2.1)

where {λm}∞m=1 denotes the set of eigenvalues satisfying

0 < λ1 ≤ λ2 ≤ . . . ≤ λm ≤ · · · , (2.2)

and limm→∞ λm = ∞, the corresponding eigenfunctions em ∈ H1
0(Ω) ∩H2(Ω) for every m ∈ N.

Then, the sequence
{
ek
}∞
k=1

is orthonormal basis in L2(D). For τ ≥ 0, the operator Aτ possesses
the following representation

Aτu =
∞∑

m=1

λ
τ
2
m

〈
u, em

〉
em(x), u ∈ H(Aτ ) =

{
u ∈ L2(Ω) :

∞∑
m=1

λτ
m

∣∣〈u, em〉∣∣2 < ∞
}
, (2.3)

and H(Aτ ) is a Hilbert space with the norm

∥θ∥H(Aτ ) =
( ∞∑

m=1

λ2τ
m

∣∣〈θ, em〉∣∣2 ) 1
2
. (2.4)

We first suppose that the relevant direct problem to problem (1.1)-(1.4) has a solution θ, that is ∂tθ + ∂β
t Aθ + θ = G(x, t), x ∈ D, t ∈ (0, T ],

θ|∂D = 0,
θ(x, 0) = θ0(x), x ∈ D,

(2.5)

has a solution θ which satisfies the form

θ(x, t) =

∞∑
m=1

θm(t)em(x), (2.6)

where θm(t),m ≥ 1 satisfy the following fractional Cauchy problem{
θ′m(t) + λmDβ

t θm(t) + θm(t) = Gm(t),

θm(0) = θ0m,
(2.7)

where we set θm(t) =
〈
θ(·, t), em

〉
,Gm(t) =

〈
G(·, t), em

〉
and fm =

〈
f, em

〉
. By applying

Aem = λmem for all m ∈ N. Taking the Laplace transform into the first equation in (1.1), and

using L
[
∂β
t θm(t)

]
(ξ) = ξβ θ̂k(ξ)− ξβ−1θm(0), we have

ξθ̂m(ξ)− θ0m + λmξβ θ̂m(ξ)− λmξβ−1θ0m + θ̂m = Ĝm. (2.8)

This means that

θ̂m(ξ) = B̂m(ξ)θ0m + Ĉm(ξ)Ĝm, (2.9)

where

B̂m(ξ) =
1 + λmξβ−1

ξ + λmξβ + 1
, Ĉm(ξ) =

1

ξ + λmξβ + 1
· (2.10)
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See in [6], we received

θm(t) = Bm(t)θ0m +

∫ t

0
Cm(t− s)Gm(s)ds, (2.11)

where

Bm(t) =
1

π

∫ ∞

0
e−rt λmrβ−1 sin(βπ)

(−r + λmrβ cos(βπ) + 1)
2
+ (λmrβ sin(βπ))

2dr, (2.12)

and

Cm(t) =
1

π

∫ ∞

0
e−rt λmrβ sin(βπ)

(−r + λmrα cos(βπ) + 1)2 + (λmrβ sin(βπ))
2dr. (2.13)

Therefore, solution u has the form

θ(x, t) =
∞∑

m=1

Bm(t)θ0,mem(x) +
∞∑

m=1

(∫ t

0
Cm(t− s)Gm(s)ds

)
em(x). (2.14)

Now, let t = T into (2.14), it yields that

θ(x, t) =
∞∑

m=1

Bm(t)

Bm(T )

(
fm −

∫ T

0
Cm(T − s)Gm(s)ds

)
em(x) +

∞∑
m=1

(∫ t

0
Cm(t− s)Gm(s)ds

)
em(x).

(2.15)

Lemma 2.1. [9] For 0 < ζ < 1 and k ≥ 1, define pk(ζ) =
∑k−1

i=0 (1−ζ)i and rk(ζ) = 1−ζpk(ζ) =
(1− ζ)k. Then we have

pk(ζ)ζ
µ ≤ k1−µ, 0 ≤ µ ≤ 1,

rk(ζ)ζ
ν ≤ θν(k + 1)−ν , where θν =

{
1, 0 ≤ ν ≤ 1,
νν , ν > 1.

(2.16)

Lemma 2.2. [19] Let β ∈ (0, 1), the function Bm(t),m ∈ N, is continuous at t ≥ 0 and has the
following properties:

• Bm(0) = 1, 0 < Bm(t) ≤ 1, t ≥ 0,
• Bm(t) are completely monotone for t ≥ 0,
• the inequalities hold

E3
λm

≤ Bm(t) ≤ 1− E1λm

2
(
1 + λ2

m

)(1− e−2t
)
, where E3 =

λ2
1 sin(βπ)e

−T

3βπ
(
λ2
1 + 2

) · (2.17)

Lemma 2.3. [19] Let β ∈ (0, 1), the function Cm(t),m ∈ N is continuous at t ≥ 0 and has the
following properties:

• Cm(0) = 1, 0 < Cm(t) ≤ 1, for t ≥ 0,
• Cm(t) are completely monotone for t ≥ 0,
• the inequalities hold

E1λm

1 + λ2
m

e−2t ≤ Cm(t) ≤ E2
1 + λmt1−β

, t ≥ 0, (2.18)

whereby

E1 =
sin(βπ)

22β+1βπ

(
2β − 1

)
, E2 =

Γ(1− β)

π sin(βπ)
· (2.19)
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3 The ill-posed problem

Let
〈
f,G

〉
=

〈
em, 0

〉
, it is easy to see that ∥f∥2 = 1. Thank to the property B′

m(t) = −Cm(t) for
each m ∈ N, we have

∥∥u(·, 0)∥∥2
L2(D)

=
∞∑

m=1

1

|Bm(T )|2
|⟨f, em⟩|2

≥
∞∑

m=1

2 + 2λ2
m

2 + 2λ2
m − E1

(
1− e−2T

)
λm

∣∣〈f, em〉∣∣2 ≥ 1, (3.1)

then from Lemma 2.2. Therefore, the initial data may not measure on D. Therefore, the
backward problem of fractional relaxation equation is non-well-posed. Next, we obtain the
following theorem about the conditional stability.

Theorem 3.1. If Ξ(x) = θ(x, 0) and Ξ ∈ H
p
2 satisfies the a priori bound condition

∥Ξ∥
H

p
2
:=

( ∞∑
m=1

λp
m

∣∣〈Ξ, em〉∣∣2) 1
2 ≤ M, (3.2)

where M > 0 is a constant, we have

∥Ξ∥L2 ≤ CM
2

p+2 ∥Φ∥
p

p+2

L2 . (3.3)

where Φ = f +Km(T ), C = D
− p

p+2

3 is a constant depending on β, T, p, and λ1.

4 Landweber method and convergent rate

Next, we give the Landweber iterative regularization solution of Ξ(x), with the operator equation
Ξ = (I − bK∗K) Ξ + bK∗f to replace the equation KΞ = f and obtain the following iterative as
follows:

Ξ0,ϵ(x) = 0,Ξϵ
α(x) = (I − bK∗K) Ξϵ

α−1(x) + bK∗Ξϵ(x), α = 1, 2, 3, . . . , (4.1)

where I is a unit operator; α is the iterative step number, also known as the regularization
parameter; and b is called the relaxation factor and satisfies 0 < b <

∥∥K∥∥−2
. Note that the

operator Rα : L2 → L2 is defined as

Rα := b

α−1∑
k=0

(I − bK∗K)k K∗, α = 1, 2, 3, . . . (4.2)

By simple calculation, we have

Ξϵ
α(x) = Rαf

ϵ(x) = b
α−1∑
k=0

(I − bK∗K)αK∗f ϵ(x). (4.3)

Since K is a self-adjoint operator, applying the singular values of the operator K and formula
(4.1), we obtain the Landweber regularization solution of the inverse problem (1.1) as follows:

Ξϵ
α(x) =

∞∑
m=1

1−
(
1− b|Bm(T )|2

)α∣∣Bm(T )
∣∣ 〈

f ϵ, em
〉
em(x), (4.4)
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Theorem 4.1. Let Ξϵ
α(x) given by (2.14) be the Landweber iterative regularization solution of

the exact solution (4.4). Suppose the priori condition (3.1) and the noise assumption (1.5) hold.
Choosing the regularization parameter α = ⌊b⌋, where

b =
(M

ϵ

) 4
p+2

, (4.5)

we have ∥∥Ξϵ
α − Ξ

∥∥
L2 is of order ϵ

p
p+2 . (4.6)

where ⌊b⌋ denotes the largest integer less than or equal to b and X :=
√
bM

2
p+2 (2 + 2E2

3 )
1
2 +( p

2bE2
3

) p
4M

2
p+2 is a positive constant.

Proof. We have ∥∥Ξϵ
α − Ξ

∥∥
L2 ≤

∥∥Ξϵ
α − Ξα

∥∥
L2 +

∥∥Ξα − Ξ
∥∥
L2 . (4.7)

From (4.7), we have

∥Ξϵ
α − Ξα∥L2 =

∥∥∥ ∞∑
m=1

1−
(
1− b

∣∣Bm(T )
∣∣2)α∣∣Bm(T )

∣∣ 〈
f ϵ, em

〉
em(x)

−
∞∑

m=1

1−
(
1− b|Bm(T )|2

)α∣∣Bm(T )
∣∣ 〈

f, em
〉
en(x)

∥∥∥
L2

=
∥∥∥ ∞∑
m=1

1−
(
1− b|Bm(T )|2

)m∣∣Bm(T )
∣∣2 〈

f ϵ − f, em
〉
em(x)

∥∥∥
L2

≤ sup
m≥1

A(m)ϵ(2 + 2E2
2 )

1
2 . (4.8)

where A(m) :=
1−(1−b|Bm(T )|2)

α∣∣Bm(T )
∣∣ . Since Bm(T ) is a singular value of the operator K and

0 < b < ∥K∥−2, we obtain 0 < bBm(T ) < 1. Thank you Bernoulli inequality, we have

1−
(
1− b

∣∣Bm(T )
∣∣2)α ≤

√
1− (1− b|Bm(T )|2)α ≤

√
bα|Bm(T )|, (4.9)

then we obtain

A(m) ≤
√
bα. (4.10)

Further, we can obtain ∥∥Ξϵ
α − Ξα

∥∥
L2 ≤ sup

m≥1
A(m)ϵ ≤

√
bαϵ

(
2 + 2E2

2

) 1
2 . (4.11)

From (5.6), we have

∥Ξα − Ξ∥L2 =
∥∥∥ ∞∑
m=1

1−
(
1− b

∣∣Bm(T )
∣∣2)α∣∣Bm(T )

∣∣ 〈
f ϵ − f, em

〉
em(x)−

∞∑
m=1

1∣∣Bm(T )
∣∣〈f, em〉

em(x)
∥∥∥
L2

=
∥∥∥ ∞∑
m=1

−
(
1− b

∣∣Bm(T )
∣∣2)α∣∣Bm(T )

∣∣ 〈
f, em

〉
em(x)

∥∥∥
L2

=
∥∥∥ ∞∑
m=1

(
1− b|Bm(T )|2

)α
λ
− p

2
m λ

p
2
m

〈
Ξ, em

〉
em(x)

∥∥∥
L2

≤ sup
m≥1

Z(m)M, (4.12)
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where Z(m) :=
(
1−b|Bm(T )|2

)α
λ
− p

2
m . According to Lemma 2.2, we have Z(m) ≤

(
1− b|E3|2

λ2
m

)α
λ
− p

2
n .

Let Z(r) :=
(
1 − b|E3|2

r2

)α
r−

p
2 , r := λn. We can find that s0 satisfies Z ′(r0) = 0, it gives

s0 =
( b|E3|2(4α+p)

p

) 1
2 , then we have Z(r) ≤

(
p

2bE2
3

) p
4
(α+ 1)−

p
4 . Hence, we have

∥∥Ξα − Ξ
∥∥
L2 ≤

(
p

2bE2
3

) p
4

(α+ 1)−
p
4M. (4.13)

Combining (4.11)-(4.12), we obtain∥∥Ξϵ
α − Ξ

∥∥
L2 ≤ XM

2
p+2 ϵ

p
p+2 , (4.14)

where X :=
√
bM

2
p+2 (2 + 2E2

3 )
1
2 +

( p

2bE2
3

) p
4M

2
p+2 . The proof of this Theorem is complete.

5 Iterative regularization method

Let the function θϵ,nα (x, t) be the solution of the following iterative regularization problem
∂tθ

ϵ,n
α (x, t) + ∂β

t Aθϵ,nθ (x, t) + θϵ,nα (x, t) = Gϵ(x, t), x ∈ D, t ∈ (0, T ],
θϵ,nα (x, 0) = Ξϵ

α(x), x ∈ D.
θϵ,nα (x, t) = 0, x ∈ ∂D, t ∈ (0, T ],

θϵ,nα (x, T ) = f ϵ(x)− αAτΞϵ,n
α (x) + αAτΞϵ,n−1

α (x), x ∈ D.

(5.1)

For n = 1, 2, 3, . . ., and the initial value θϵ,0α (x, t) = 0, where α > 0 is a regularization parameter
and k is the number of iterations. In case n = 1, this method is transformed into the generalized
QBV method , see in [20]. We get

θϵ,nα (x, T ) =
∞∑

m=1

[〈
Ξϵ,n
α , em

〉
Bm(T ) +

∫ T

0
Cm(T − s)

〈
Gϵ(s), em

〉
ds

]
em(x)

=

∞∑
m=1

[〈
f ϵ
m, em

〉
− αλτ

m

〈
Ξϵ,n
α , em

〉
+ αλτ

m

〈
Ξϵ,n−1
α , em

〉]
em(x). (5.2)

We can deduce that

Ξϵ,n
α (x) =

∞∑
m=1

[ 〈
hϵ, em

〉
Bm(T ) + αλτ

m

+
αλτ

m

〈
Ξϵ,n−1
α , em

〉
Bm(T ) + αλτ

m

]
em(x)

=

∞∑
m=1

n−1∑
i=0

(
αλτ

m

Bm(T ) + αλτ
m

)i
〈
hϵ, em

〉
Bm(T ) + αλτ

m

em(x)

=

∞∑
m=1

(
1−

( αλτ
m

Bm(T ) + αλτ
m

)n)〈hϵ, em〉
Bm(T )

em(x), (5.3)

where
〈
hϵ, em

〉
=

〈
f ϵ, em

〉
−

T∫
0

Cm(T − s)
〈
Gϵ(s), em

〉
ds.

From the Lemma 2.2, we can find that
( αλτ

m
Bm(T )+αλα

m

)n
may tend to infinity when 0 < Bm(T ) < 1,

and thus this will not cause an error estimate in our calculations. Thus, we choice the regularized
solution Ξϵ,n

α (x) as

Ξϵ,n
α (x) =

∞∑
m=1

(
1−

( αλτ
m∣∣Bm(T )
∣∣+ αλτ

m

)n)〈hϵ, em〉∣∣Bm(T )
∣∣em(x). (5.4)
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For simplicity, let

Sn
α,τ (λm) = 1−

(
αλτ

m

|Bm(T )|+ αλτ
m

)n

, (5.5)

then we obtain

Ξϵ,n
α (x) =

∞∑
m=1

Sn
α,τ (λm)

〈
hϵ, em

〉
|Bm(T )|

em(x). (5.6)

Lemma 5.1. [20] For constants α > 0, τ ≥ 0, T > 0, n > 0, λm ≥ 1, we have

sup
m∈N

Sn
α,τ

(
λm

)∣∣Bm(T )
∣∣ ≤ nCτα− 1

1+τ · (5.7)

Lemma 5.2. [20] For constants α > 0, τ ≥ 0, T > 0, k > 0, we have

sup
m∈N

(
1− Sn

α,τ (λm)
)
λ
− p

2
m ≤

E−n
3 αn,

p

2n
≥ 1 + τ,

En
4 n

−nα
p

2(1+τ) , 0 <
p

2n
< 1 + τ.

(5.8)

Theorem 5.3. Let the regularized solution Ξϵ,n
α (x) be given by (5.6). If the noise data f ϵ

satisfies (1.5) and the exact solution Ξ(x) satisfies the a priori bound condition (3.1), we get

• If
p

2n
≥ 1 + τ and choose α =

(
δ
E

) 1+τ
1+k+kτ , we have

∥∥Ξϵ,n
α − Ξ

∥∥
2
is of order ϵ

n+nτ
1+n+nτ . (5.9)

• If 0 <
p

2n
< 1 + τ and choose α =

(
ϵ
M

) 2(1+τ)
p+2 , we have

∥∥Ξϵ,n
α − Ξ

∥∥
2
is of order ϵ

p
p+2 . (5.10)

Proof. We obtain ∥∥Ξϵ,n
α − Ξ

∥∥
L2 ≤

∥∥Ξϵ,n
α − Ξn

α

∥∥
L2 +

∥∥ξnα − Ξ
∥∥
L2 . (5.11)

First of all, we have estimate

∥∥hϵ − h
∥∥2
2
≤

∞∑
m=1

(
f ϵ − f +

∫ T

0
Cm(T − s)

(
Gϵ(s)− G(s)

)
ds

)2

≤ ϵ2
(
2 + 2E2

2

)
. (5.12)

From (5.4) and Lemma 5.1, we have

∥∥Ξϵ,n
α − Ξn

α

∥∥
L2 =

∥∥∥ ∞∑
m=1

Sn
α,τ

(
λm

) 1

|Bm(T )|
⟨hϵ − h, em⟩ em(x)

∥∥∥
L2

=
∥∥∥ ∞∑
m=1

Sn
α,τ

(
λm

) 1∣∣Bm(T )
∣∣〈hϵ − h, e

〉
e(x)

∥∥∥
L2

≤ sup
m∈N

Sn
α,τ

(
λm

)∣∣Bm(T )
∣∣ ∥∥∥ ∞∑

m=1

〈
hϵ − h, em

〉
em(x)

∥∥∥
L2

≤ nCτα− 1
1+τ ϵ

(
2 + 2E2

2

) 1
2 . (5.13)
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The Lemma 5.2 gives us the following

∥∥Ξn
α − ξ

∥∥
L2 =

∥∥∥ ∞∑
m=1

(
Sn
α,τ (λm)− 1

) 〈
h, em

〉∣∣Bm(T )
∣∣em(x)

∥∥∥
L2

=
∥∥∥ ∞∑
m=1

(
1− Sn

α,τ (λm)
)
λ
− p

2
m λ

p
2
mΞem(x)

∥∥∥
L2

≤ sup
m∈N

(
1− Sn

α,τ (λm)
)
λ
− p

2
m

∥∥ ∞∑
m=1

λ
p
2
mΞmem(x)

∥∥
L2

≤ M sup
m∈N

(
1− Sn

α,τ (λm)
)
λ
− p

2
m

≤

{
E−n
3 αnM, p

2n ≥ 1 + τ,

En
4 n

−nα
p

2(1+τ)M, 0 < p
2n < 1 + τ.

(5.14)

Combining (5.13) and (5.14), we obtain

∥∥Ξϵ,n
α − Ξ

∥∥
L2 ≤ nCτα− 1

1+τ ϵ
(
2 + 2E2

2

) 1
2 +

{
E−n
3 αnM, p

2n ≥ 1 + τ,

En
4 n

−nα
p

2(1+τ)M, 0 < p
2n < 1 + τ.

(5.15)

• If p
2n ≥ 1 + τ , and α =

(
ϵ
M

) 1+τ
1+n+nτ , then we have∥∥Ξϵ,n

α − Ξ
∥∥
L2 ≤

(
nCτ + E−n

3

)
M

1
1+n+nτ ϵ

n+nτ
1+n+nτ , (5.16)

• If 0 < p
2n < 1 + τ , and α =

(
ϵ
M

) 2(1+τ)
p+2 , then we have∥∥Ξϵ,n

α − Ξ
∥∥
L2 ≤

(
nCτ + En

4 n
−n

)
E

2
p+2 ϵ

p
p+2 · (5.17)

6 Conclusion

In this paper, we investigate the problem of recovering initial conditions for the considered
fractional expansion equations with Caputo fractional derivatives. The solution of the problem
is established. This is an ill-formed problem in the Hadamard sense, with two regularization
methods: Landweber and iterative methods. The error with the choice of a priori regularization
parameters is shown.
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